V s [IVE-GRAPHIC APPROACH
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11{1; 0 ponlinear d'fr‘fr;’;"al ef“,'auons Previously discussed (exact
a5t o separable-vari® ec?l.ldt_lo-ns’ and Bernoulli equations) have
lequal'o ;,'mfivt’[)’- That 15, we have in cvcry case sought and found a

ua" h value of 1, tells the specific corresponding value of

, able to find a quantitatj ' -
m‘ Feahlf-" o sot ch ]M% | quantitative solution from a given
" ¢ yet, in such cases, l} may nonetheless be possible to
¢ propertics of ‘the l1n-1c puth-primarily, whether y(t)
e O ctly observing the d_lﬂ"crcnlml ¢quation itself or by analyzing
o ;gcs’ y when quantitative soluuons. are available, moreover, we may still
"""fﬁh fren iques of qualitative analysis if the qualitative aspect of the time
S8 techt Jusive concern.

AUy equdtt
gti® " alitall®

el

g =f(y)

=B

. fpear OF nonlinear in the variable y, we can plot dy/dt against y as in Fig.
ff;“Such 3 geometric representation, feasible whenever dy/dt is a function of y

e is called a phase diagram, and the graph representing the function f, a
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ANTC ANALYMS

404 1Y N
ime (A differential equanon of this form -y Whick the
phave [1F \ separate argnment of the fun thon | ® lim,
ypear as i ‘ i "
pot appeat , ase line is oy byl
| Ih'truh.il eauation ) Onee |'h“ e line is kn““’ﬂ, iy Compy b iy, "
o cant qualinative information reparding the (i, Path Wity Y
wen " ) —— p— a ) vl "l
jies in the following two general remarks N Y
s .
|
| Anywhere ahove the horizontal nxis (where 4, Jdb ¢ '
aver time and, as far as the y axis is concerped — Miagy )

- Miew
i,

right. By analogous reasoning, any POt below hy 4,
associated with a leftward movement in (he variahle . .
ol dv/dr means that y decreases over timne '
cxp'ili‘l\ why the arrowheads on the illusiry;
drawn as they are. Above the horizontal

4 “l'l i %
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) AX15, Ih(_f arve 4

pointed toward the right—toward the northeys, or v TV e ;
. T ’ Othes, ;

the case may be. The opposite is true below (he Y xia ‘\4} i o | ;
. N f ol ’ i . % | O e = -

are independent of the algebraic Sign of y; even if Phase . ey

is transplanted to the left of the vertical axis, - iine 4 :

lhc dlﬁj(_‘““q of

-

not be affected.
2. An equilibrium level of y—in the interlemporal Sense of 11
can occur only on the horizontal axis, where dy /-dl ;Zrmz
time). To find an equilibrium, therefore, it is nécegxal:.'} () sia "
intersection of the phase line with the y axis * To teq} tf: C’Tl‘\' 10 congg, 3
equilibrium, on the other hand, we should also ch‘cck :dnr g
the initial position of y, the phase line wi] :c-"i?c; e 4
equilibrium position at the said intersection, S . oy

—m

| e

1 Ellwayg

Types of Time Path

On _the basis of the abpve gen-cral remarks, we may observe three diferes; +
of time path from the illustrative phase lines in Fig. 143, .
Phase line 4 has an equilibrium at point v - ve as well x 5
point, the arrowheads cor?sistently leadp:\:zrz\tyhflr’o?rl:[eabﬁll'g y “tg\h e

i, it quibibrium. Thus, Lo
equilibrium can be attained if it happens that y(0) = y_, the more el |
y(0) # y, will result in y being ever-increasing [if y(0) S v, ] or ever-decresat |
}'J(O) <,]- Besides, in this case the deviation of y from ¥, tends to Jrow 2 &
Increasing pace because, as we follow the arrowheads on the phase ‘e
deviate farther from the y axis, thereby encountering ever-increasing S
values of dy /dt as well. The time path y(r) implied by phase line A can (%
be represented by the curves shown in Fig. 14.4a, where y is plotted &
(rather than dy /dr against »). The equilibrium y, is dynamically unsmb.lc', 0=ie

In contrast, phase line B implies a stable equilibrium at .Vh"n )l; ol
equilibrium prevails at once. But the important feature of phase 11"
see this whet “c‘h;).

* HPWCVET. not all intersections represent equilibrium positions. We shall
phase line C in Fig, 14.3,
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0+ the movement along the phase line will guide y toward the level

'nlfy((: iime path (1) Co'rreizofbdmghjtohthls type of phase line should therefore
oflr& T orm <pown in Fig. 14.4b, which is reminiscent of the dynamic market
r|1°‘jd"3 sbove discussion suggcsts that, in general, it is the slope of the phase line

. intersection point which holc'is the key to th_e dynamic stability of equi-
i e ¢ the convergence Of_ the HIS path. A (finite) positive slope, such as at
jjpriu™ nakes for dynamic instability; whereas a (finite) negative slope, such as
lies dynamic stability.

This generalization can help us to dfaw qualitative inferences about given
diﬁﬂemja] equations without even plotting their phase lines. Take the linear
jferentia equation in (14.4), for instance:

G pgy=b o @
i dt
Gince the phase line will obviously have the (constant) slope —a, here assumed

oizero, We May immediately infer (without drawing the line) that
converges Lo
020 = )’(’){ diverges from

= —ay+b

} equilibrium

As we may expect, this result coincides perfectly with what the quantitative
solution of this equation tells us:

b b
)= [y(O) - E]e“” + P [from (14.5")]
We ha‘vc learned that, starting from a nonequilibrium position, the convergence of
?V(')h'ngt?s on the prospect that e~ — 0 as ¢ — oo. This can happen if and only
la>0;ifa <0, then e~ — co as  — oo, and y(f) cannot converge. Thus, our

— e — = —_— e

wnclusion is one and the same, whether it is “arrived at quantitatively or
Qualitatively.,

i }11 remains to discuss phase line C, which, being a closed loop sitting across
clwe"“l(mlal axis, does not qualify as a function but shows instead a relation
®ndy/dt and y.* The interesting new element that emerges in this case is the

) .n'li& tan ance
anse from a second-degree differential equation (dy/d!)2 = f(»).
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