ourier Series and Fourier Transform of
Discrete Time Signals

a1 introduction
g o —

periodic discrete time signal with fundamental period N can be decomposed into N harmonicall
quency components. The summation of the frequency components gives the Fourier serie)s/
on of periodic discrete time signal, in which the discrete time signal is represented as a function
®. The Fourier series of discrete time signal is called Discrete Time Fourier Series (DTFS)
onents are also called frequency spectrum of the discrete time signal. ‘ ‘

: A
| clated fre
I-epresentati
of frequency,
| The frequency comp

The Fourier representation of periodic discrete time signals has been extended to nonperiodic
signals by letting the fundamental period N to infinity, and this Fourier method of representing nonperiodic
discrete time signals as a function of discrete time frequency, o is called Fourier transform of discrete
dime signals or Discrete Time Fourier Th ransform (DTFT). The Fourier represention of discrete time
signals is also known as frequency domain representation. In general the Fourier seties representation can
be obtained only for periodic discrete time signals, but the Fourier transform technique can be applied to
both periodic and nonperiodic signals to obtain the frequency domain representation of the discrete time
signals.
ed to perforrri frequency domain
ncy components present in the
hical plots of magnitude and
versus frequency is called
ctrum. In general these

The Fourier representation of discrete time signals can be us
gnals, in which we can study the various freque
various frequency components. The grap
e also drawn. The plot of magnitude
e versus frequency 1s called phase spe

analysis of discrete time si
signal, magnitude and phase of
phase as a function of frequency ar
magnitude spectrum and the plot of phas
plots are called frequency spectrum.

8.2 Fourier Series of Discrete Time Signals ( Di
es, DTFS) of discrete time perio

screte Time Fourier Series )
dic signal x(n)

' The Fourier series (or Discrete Time Fourier Seri
with periodicity N is defined as,

where, ¢, = Fourier coefficients; w,= F undamental frequency of
®,= 2nk  _ ot parmonic frequency of x(n)
N

c, giokn = K" harmonic component of x(1)
k
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8.2 Signals & Systoms

The Fourier coefficients, ¢, for k =0, 1, 2, ....., N=1 can be evaluated using equation (8.2

j2mkn

] N - |
c, = = Z %(n)e N
N n=0

The Fourier coefficient ¢, represents the amplitude and phase associated with the kt frequency i
¢ can say that the fourier coefficients provide the description of x(n) in the frequency

for k = U, 1, 2, wuiy N=1

component. Hence W
domain.

Proof :

Consider the Fourier series representation of the discrete fime signalxin).
N -1 j2nkn o .

xn) = Y, ce N

k=0

Letus replacek by p.
N-1 "

Difference Between Continuous Time and Discrete Time Fourier Seriés

;1‘:: tfrcqwncy range of continuous time signal is —o to -+, and so it has infinite frequ
pectrum,

A 1ge of discrete time si
The frequency range of discrete time signal is 0 to 27 (or—n to + m) and so it has finite freque

whose frequencies are, ental period N will have N frequency compo
T Zgle T e e e
0, = "ﬁ"‘ "forkéi Q, 1.2, s, N—-1
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fourter sories and Fosrier Transform of Discrete Time Signals
it gpectrum of Periodic Discrete Time Signals

83

odic discrete ti i
be a peri me signal. Now, the Fourier series representati f
§ ntation of x(n) is,

N-1 Ja

b N
x(n) = Z Gyl

k=0
where, ¢_is the Fourier coefficient of k" harmonic component
cn

Let X(ﬂ)

rier coefficient, ¢ 1s a com lex i :
The Fou \ plex quantity and so it can be expressed in the polar form as

6, = oy | £Ck5 for lc =01 203, e N-1

where, |c | =Magnitude of ¢, ; Ze =Phaseof ¢,

gho

The term, [C, | represents the magnitude of k™ harmonic component and

L e p and the term Zc_represents the

The plot of harmonic magnitude / phase of a discrete time signal versus "k" (or harmonic frequenc

o, )i called Frequency spectrum. The plot of harmonic magnitude versus "k" (or @) is called magnitud)el
. k

spectrum and the plot of harmonic phase versus "k" (or ) is called phase spectrum.

phase

The Fourier coefficients are periodic with period N.

S~ %
Since Fourier coefficients are periodic, the frequency spectrufn is also periodic, with period N.

N Fourier coefficients denoted as € € »

eriod N, there are as
essed as a sequence consisting of

For a periodic discrete time signal with P
fficients can be expr

2= €, and so the N-number of Fourier cO€
values,

Fourier coeﬁiCientS, Ck = {CO’ Cl, 02 ’ 03""""".CN"‘1}
Magnitude spectrum, leyl = {lc()], leyls e, s lcS"""""'lcN'll}
Phase Spectrum, LCg {LCoa éclilcz’ ‘écl"""""écN_l‘}
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Signals & Sy

8.4

8.2.2 Properties of Discrefe Time Fourier Series
2,

The properties of discrete time Fourier series coefficients are listed in table 8.1. The proof of thega
properties are left as exercise to the readers.

Table 8.1 : Properties of Discrete Time F
Taples.d - o

PRI oo

ourier Series Coefficients

Note : c, are Fourier series coefficients of x(n) and d,_are Fourier series coefficients of y(n),

Note : The average

Jrequency and so it is called
signal.

Sl o

o power in the s
componenis. Ine sequence |c |? for k = 0,

-’?’e Power density

Property Discrete time periodic signal Fourier series coefficients
Linearity A x(n) + B y(n) Ac +Bd
j2rkem
Time shifting x(n—m) epe N
. j2mnm
Frequency shifting e N x(n) Cm
Conjugation x*(n) c’y
Time reversal x(-n) i
x(%) ; for n multiple of m 1
Time scaling ; i Cy
(periodic with period mN)
N-1
Multiplication x(n) () ZO Con Gy
N-1
Circular convolution Z x(m) y((n—m))y Nc, d,
m=0
=0,
el = el
Symmetry of real signals |  x(n) is real Lo = — Lo
7. Re{c,} = Re{c_}
Im{c,} = —Imfc_,}
Redl andeven X(n) is real and even ¢, are real and even
I;eal and odd X(n) is real and odd ¢, are imaginary and odd
arseval' i ' -
o Average power P of x(n) is Average power P in terms of
defined B Fourier series coefficients is,
1l '« N-1"
P= — 2
- nZ_ﬁlx(nﬁ P=3 |of
: 5 k=0

'1 Ne=1 "2 N- |
N 2 @f =3 o
el v _ k=0

ignal is the sum
2.

Spectrum

AN 3 R

n of the powers of the individual frequen
o (N = 1) is the distribution of power as a function

(or) power spectral density of the period:
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pourder Series and Fourler Transform of Discrete Time Signaly

8
M e 45
Exﬂmple L T

Jotermine the Fourier saries representation of the lollowing discrete firme signnl
J L
_ 2 00Ssy31Nn b) x(M = 4 con." o
n)x(n) . 2 CC J ) x(n) = 4 con = o) X(n) = “’;;:
golutio

'-(;wen that, X(n) = 2 cosy/3nn

,orperlodici‘y
Lot x(n + N) = 2 cos3n(n + N) = 2cos(\3mn + J3nN|

For periodicity JaxN should be equal to integral multiple of 2r,

Let, J3nN = M x 2n; where M and N are integers, Y N = JZ—-M
3

Here N cannot be an integer for any integer value of M and so x(n) will not be periodic.

Fourler Series
‘—‘-’_—-'____- . . . .

Here x(n) is nonperiodic signal and so Fourier series does not exists,
_

b) Given that, x(n) = 4cos“—:

Test for Periodicity

T min N
t, N) = 4cos—(n + N = 4cos| — (b
Let, x(n + N) osZ(n + N 3(24.2]

nN
For periodicity > should be integral multiple of 2.

N
Let, n_2_ = 21 x M : where M and N are integers = N=4M

HereNis anintegerforM=1,2,3, .....
LetM=1, N=4

- ntal fr uancym=2"=2“=“,
Hence x(n) is periodic, with fundamental period N =4, and fundamental freq ' Q=N "4 "2

Fourer Series

The Fourier coefficients c, are given by,

1% ~Jenkn s
°*=ﬁ2x(n)e N : fork = 0,12 3 N
HereN = 4and x(n) = 4cosf£—
) = J"”‘*" 01,29
v e  fork = U :
: 4 r§o Aeog 2 i
- kn n
43 ik %m ; cosfﬂ(cosl— —]nin-éw]
o cos— @ ¢ = .
i 1s|nl)
= c080 (cos0 - jsin0) + G087 (cos-—z—- 5 i
_ _ :
+ cosm (cosmK - jsinnk) + cos—5" _(oog 2
cosk * jsinnk

=140- (oowk - jsinnk) +
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8.6
Whenk=0; ck=c0=1—0050+jsin0 =1-1+j0=0
Whenk=1; ck=c‘=1-cosn+isinrc =1+1+j0=2
Whenk=2; ck=c?_=1—cos2n+jsin2n =1-1+j0=0
Whenk=3; ¢ =¢,=1-C cos 3n+jsin3n =1+1+j0 = 2
The Fourier series representatlon of x(n) is,
1 |21'kn 3 ]Zﬂ:k]'l 3 I'I { ]r:n ]31\11
x(n) = cheN =che4 Z 2 —-CO+C162+cze‘"+c92
k=0 k=0

|3rm

l?

jmn j3=n

jo j '
~0+2e? +0+ 202 =262 $20 < = D glbuliy g g Bt wherem°=-2-

B,
c) Given that, x(n) = 2
Test for Periodicity
jsa(n + N) (J_Em_n ; j_Sn_N)
Let, x(n + N) = 3e 2 = 3@ 2 2

Sl DTN - :
For periodicity o should be integral multiple of 2.

e‘.——-anM = N =

Here N isintegerforM =5, 10, 15, .....
Let, M=5, -~ N=4

Here x(n) is periodic with fundamental period N = 4, and fundamental frequency, o, = ,ZNE = % =5
The Fourier coefficients c, are given by,
_12-,*"
ck=—2x(n)e NGE s ok = 0,1,2 3,5 N
B
HereN = 4andx(n) = 3e 2
' 1 &  Bm -perke
G = > 3e2e * ; fork=01,23
n=0
3 3 mn(5 - k) 3 in(5 - k) j2n(5 - k) j8m(5 — k)
e 2 s ) e e 3
4nz=‘ae -‘,’[e+e2 +e 2 +e 2
3 jn(5 ~ k) : i3n(5 ~ k)
=ZU+E 2 4@ -W e R ]
[ 5 -k ik
1+ cos ™ B ]
i3 STt Jein 2 +cosad - k) + jsinn(5 - k)
4
: + cosgltis__._l w jsingﬂ_s_:_k).
Whenk = 0; ¢, = ¢, = 1+t:.c>s§1 L :
" - 5 + jsin ) + Cos5m + ]sinSn + coslgTE + jsinj—gﬁ]

Slw W

[l+0+j-1+j0+0-j =0
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3. Fourier Series and Fourier Transform of Discrete Time Signals

i g —— 8.7
Ahenk = 161 = 6= 7 [1+cos2n + jsin2n + cosan + j8indz + cosBr 4 sin6r]
; %[1+1+]0+1+i0+1+10]=3
3 3n <
ahenk = 2 ¢, = Cp = l [1 + cos? + lsm? + CO83n + |sin3n + cosg?n + jsingn_}
= %[1 +0-j-1+j0+0+]=0
Whenk = 3 ¢ = Co = [t1+cosn + jsinm + cos2n + jsin2n + cos3n + jsin3n)

=%[1—1+j0+1+10—1+jo]=0

The Fourier series representation of x(n) is,

N-1 j2nkn 3 j2nkn 3 jrkn
=T oot = Yoot - P
k=0 k=0 k=0

£ "[E%Q“%] 2 2 o
Note: x(n) = 3e 2 = 3e = 3ePMg2 - 3¢2

= The gven signd itself is in the Fourier series form.

= 3l
l
Example 8.2

Determine the Fourier series representation of the following discrete time signal and sketch the frequency spectrum.
x(n)={....,1,2,-1,1,2,-1,1,2,-1, ...}
T

Solution
Given that, x(n) = {....., 1,2,-1,1,2,~-1,1,2, -1, .....}
T

! 2n_2
Here x(n) is periodic with periodicity of N = 3, and fundamental frequency, o, = —N’1=T" :

Let, x(n) = (1,2, -1} (considering one period). Now, the Fourier coefficients ¢, are given by,

1 N-1 a4 iern
(e e NSt x(n)e 2
«= N L, Xme 3 20 e
~jenk jﬂ 1 —jank ;_3_"__
=%\:x(0)+x(1)93 +x(2)ea]=§[1+293 el
When k

n
-
o

x

=C°

i
3
-jer ot 1.3
Whenk=1;ck=c1= %[‘I+263 -93]

4n
2n an ]sln—-"-]
[1 + 2008%:- ” ]2$in—§- 7. 20073 8
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1 jdn j8n
Whenk=2;ck=02=§1+293 - g
¥ [ 4t An 8n . 81:]
= — |1 4+ 2co08— - j28In— - CO8B— + |SIN——
3l 3 j2 sin 3 3 J 3
1 1 VB 1 .48
= e - — — — [ —
3L1 2x2+i2x2+2 12}
L B ]~3J5 e j£=0.1667+j0,866
L2 2

3 6 2
= 0.88 ~1.38 rad 0.88 £044n = 0.88 84"

The Fourier series representation of x(n) is,
jerkn j2mkn

N -1 2
xm) = Y e = >cge?
k=0 k=0

j2m jamn
= 3 3
=Cy +C,8 2% +Cye€

j2nn jAmn

= 0.667 + 0.88e ™" g 3 4 0886 % e 3

= 0.667 + 0.88 e-I044x glodd 4 g gg gl0d4= gldao

Frequency Spectrum

The frequency spectrum has two components : Magnitude spectrum and Phase spectrum.

The magnitude spectrum is obtained from magnitude of ¢, and phase spectrum is obtained from phase of c,.

Here, ¢, ={c,, ¢, €,}={0667, 0.88 £-044x, 0.88 £0.44r}

. Magnitude spectrum, |c,|={0.667, 0.88, 0.88}
Phase spectrum, ¢, = {0, —0.44n, 0.44x}
The sketch of magnitude and phase spectrum are shown in fig 1.

Here both the spectrum are periodic with period, N = 3.

lc,| 4 £c,
1.0 ik o
0.8+ +
IO-M” 3 = (I (R v
0.4 :
0.2___ —0-47!-r-
B Sy it G [ e A ey *k' :
Fig l.a : Magnitude spectrum. ' Fig L.b : Phase spectrum.

Fig 1 : Frequency spectrum.
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