Fourier Series and Fourier Transform of
Continuous Time Signals

4.1 Introduction

The French mathematician Jean Baptiste Joseph Fourier (J.B.J. Fourier) has shown that any periodic
pon-sinusoidal signal can be expressed as a linear weighted sum of harmonically related sinusoidal signals.
This leads to a method called Fourier series in which a periodic signal is represented as a function of
frequency.

The Fourier representation of periodic signals has been extended to non-periodic signals by letting
the fundamental period T tend to infinity, and this Fourier method of representing non-periodic signals as
a function of frequency is called Fourier transform. The Fourier represention of signals is also known as
frequency domain representation. In general, the Fourier series representation can ‘be obtained only for
periodic signals, but the Fourier transform technique can be applied to both periodic and non-periodic
signals to obtain the frequency domain representation of the signals.

The Fourier representation of signals can be used to perform frequency domain analysis of signals,
in which we can study the various frequency components present in the signal, magnitude and phase of
various frequency components. The graphical plots of magnitude and phase as a function of frequency
are also drawn. The plot of magnitude versus frequency is called magnitude spectrum and the plot of
phase versus frequency is called phase spectruin. In general, these plots are called frequency spectrum.

4.2 Trigonometric Form of Fourier Series

4.2.1 Definition of Tigonometric Form of Fourier Series
The trigonometric form of Fourier series of a periodic signal, x(t), with period T is defined as,

x(t) = Elau ¥ Z a, cosnf,t + z b, sinn€,t (4.1)

o=l n=1

= x(t) % a, + a, cosQ,t + a, cos2Q,t + a; cos3Q,t + ...

+ b, sin{2,t +b, sin2Q,t + b, sin3et + ..ovoinaes

where, Q = 21F,= 2—1‘.‘- = Fiitdamental frequency in tadisee

F = Fundamental frequency in cycles/sec or Hz
0

nQ = Harmonic frequencies
[1]
a.a.b = Fourier coefficients of trigonometric form of Fourier seres
0" o n
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Note : 1. Here a‘r”‘_ s the

} h are mcumnmr r:m;}hnrrk 5 r:,l’ n" harmonic componeny
icit

Jm a mm’ 3 * harmonic comps
g the following formulac.

2. The Pamrm w&f
1|u m.d mm

The F_l:l-*—r_f;; mtfﬁ"fmm can e oV 7
e J_r[:xmdt (o) M J x(1) d (42
T T1 a. = 2 j x(t) cosn€,t dt -
2 - % J.x{l}mhn(l"t dt (or) i = {T. ; 43
271
b, = 21—_ ‘].:x(t] sin n€2,t dt (or) B, ™ %_— _E[ x(t) sinnQ2 t dt o (4.4)
T2

limits of integration are cither —T/2to+T/2 or 0toT. In general,

In the above formulae, the e
d of the signal and s0 the limits can be from t to €+ T, wheret is

the limit of integration is one perio

am ume mstanl - [ T

4.2.2 Conditions for E:dsrame of Fourier SH"OS
The Fourier series exists only if the following Dirichlet’s conditions are satisfied.
. The signal x(t) is well defined and single valued, except possibly at a finite number of points.

2. The signal x(t) must possess only a finite number of discontinuities in the period T.

3. The signal must have a finite number of positive and negative maxima in the period T.

Note : 1. The value of signal x(t) at t =t isx(t ) ift =1 isa point of continuity.

2. The ; e g R - | _ -
_ value of pignal x(t) at ¢ i ! 5 G ift= ’ is a point of discontinuity.

423 mdwwu",qnwb
Evafuationafa‘ 3

The Fourier : > S
coefficient a is given by,

+T/2
_ 2 T
ay = — | x(t) dt g
Proof : 0

mmso. mw“’“‘""""wmm
e *,Z“"“'““»“Zmnm
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. % !x{t}dl %+ r?;‘,a"[ nnnn1L Zb [_m ]u
A m] 3" p, [ oS0l | cos0
n=1l nﬂu mu ~ mn
T = sinng’l'[ A *CDsnE‘_'[ 1
: = E ‘uﬂ + Z qﬂ ——__T___ + Z bn = 1
o n""_ f=1 “ n_z-ji
T B :
T 3 sinn2n =
e u,,'r[ ],, b T[-cosn!:: =Y
¥ “E" n2n t§1 % n2n * n2n
T i =
= w04 3 6, T 0 X b tins el TIeE
2 T z‘ i lg:l n [ i 3 nz-x] 2 G
eendl
EE all T2 T !ml'd‘
e
The Fourier coefficient a_is given by,
+T/2 5 T
By = %: _f X(1) cosnQytdt  (or) a, = j X(t) cosn€,t dt
“TJ"Z 0
proof:

i) = %@ + Zu,,msm.,t - Zb"slnrgi

n_-‘.l ot 1 I't- 1

o

%"- + a,msn,na;msmg .+_
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; 1 1 + cosZkilt In Equahnn[qs =
2 - : di ) all
: ] i) coskgtdt = [ o, cos” k! dt = 0, J 2 integrals wil be zer,
0 0 1
except
- -1[ — a, L , sin2k(2, ! ]T P '!-:1; cos? kg ot i,
= Sk |04 cosZkQplat = 5 T+ oo
- 2 2k(2
2 5 0 Jdo [

=
% I xlf) cosk,t dt

]

2 O
The equation (4.6) gives the k" coefficient a,. Hence the n™ coefficien! a_is given by,

T
2
o= = | Xt cosnQyt dit

Evaluation of b_

The Fourier coefficient hn is given by,
+T/2

T
b, = % x(1) sinnQ,tdt (or) b, = % I x(t) sinnQt dt
T2 0
Proof ;
Consider the trigonometric form of Fourier series of x|t} [equation (4.1)).
X = “?“ + Z a, cosn2et + z b, sinnQ,t
n=1
= 52“— + 0, CosQt + @, COS2Qt + ... + q coskQt + ...
+ b, sinQgt + b, sin2Q,t + ... + b, sinkQ,t + ..... ,
Let us multiply the above equaticn by sin kQt

~ ulf) sinkaot = 5;5- sinkQot + a) cosQyt sinkQot + a; cos2Qot sinkQpt + ...

-+ G coskQqot sinkQot + ..., + by sinQqt sinkQot

: + by sin2Q0t sinkQqt + ... + by sin®kqpt + -
lﬂwmﬂummuuibnbmawn Hmm OtoT.

[mmm.{ﬁuﬂmm*j'a.mnntmm,m ' o

I"-:Mm,tﬂ*n,ldh i iﬂm‘z’m‘ﬂ”‘“ e 3

-----
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papier 4 Fourier Series and Fourier Transform of Continuous Time Signals 4.5

et e —— - e ———
: T 1 s —
* J :n'.!” sin k'{][!-i dt = J- bk 5i|"|? kg !01 dt = b .i' '] - COs zk_[z i In Equmlﬂﬁ [4?} C|" dE‘ﬂ""ﬁ'
) £ k ’ R lniegrelswillbezerﬂ.
b, | . at except |b, sin® kQyt dt.
: = ?k J 1= EUSEk[lD']' dt = E.'ﬁ_ [". o E‘m_'zkl_ﬁ £ ; :
| ] 2 Ekﬂu
=%T_M_U+_m] 7
| L '2"(1]0 2kﬂ0 A = "T_
1 sin0=0
‘ bk sin2k gE T T
e el ¥ ___"ET_- = — by sin 2k2n =0
2k --T"E 2 for integer k
2 T
“ b= = [ X sinkagt ot
To ....14.8)
The equation [4.8) gives k™ coefficient b,. Hence the n* coefficient b,_ is given by,
[ . -
L by = = _‘[ xt) sinn€a,t dt

43 Exponential Form of Fourier Series
4.3.1 Definition of Exponential Form of Fourier Series

The exponential form of Fourier series of a periodic signal x(t) with period T is defined as,

() = ¥ G el S SR SRR S L L (4.9)

n= —w

where, Q = 2nF = ATE = Fundamental frequency in rad/sec
0

F = Fundamental frequency in cycles/sec or Hz
0

+ nﬂf Harmonic frequencies
¢ = Fourier coefficients of exponential form of Fourier series.
n

The Fourier coefficient ¢_can be evaluated using the following equation.
n

+T/2

T
. 1 — il
C. = :rl- J x()e ™ dt (o) C = T ! O il e i, Yoo

n

=Ti2

In equation (4.10), the limits of integration are either ~T/2to+T/2 or O0teT.In gm@, the l:lmlt
of integration is one period of the signal and so the limits can be from ¢, to t+T, wheret, is any time

Instant

422 Negative Frequency
T ' f Fourier series representation of a signal x(t) has complex .exponentm
D e frequencies. When the positive and negative complex

: itive and ne tive : : ; :
nic components for both positive . dded, it gives rise to real sine or cosine signals.

®Xponentj e harmonic are a :
Alltemal maﬁ;nf:ﬁi: ;esa:al <ine or cosine signal has to be represented in terms of complex exponential
then a signal with negative frequency 1s reql .

_-.————_-_-_-_____
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Signals & systoms
__.—l—'—'_-'-__——_ L] 3 P =T - T -
erstood that the signal with negative Irequency is not a physically realizab)
: prcscnlmiun of real signals in terms of complex Q"lmlnentj:
a

4.6

Here it should be und |
signal, but it is required for mathematical 1€

signals.._ a PR
4.3.3 Derivation of Equation for ¢
4.33 Derivation of Equa™

o coefficient ¢_is given by,
The Fourier coefficient € 15 & y

i 5 ] ~ jnk2 1
b Vi _]" ~ il g d[ l:{“-} C“ P p— '[ x(t) e Jnady, dt
Ln ) T J1x(l} i T ¥

Proof :
Consider the exponential form of Fourier series of x(f), (equation (4.9]).

< ~ kgt =J2tagl =gt
xf) = che“‘ﬁ‘=....,+c_ke'm° A - e

n= ==

+cp + gl v, e e L

Let us multiply the above equation by e %',
Lo ™ o ac e L s, et ety o gl oK
+C et 4 ¢ el 4 o PN 4

Letf us infegrate the above equation between limits 0 to T.

1 1 it
jﬂﬂe"‘“‘“dl = e Ic_k'e'*“‘“c‘*dt Fos I C_p eTielot gl g
0 e 0
T : T 2k
+ J'.c_1 e tiol g Kol gy Icq e ! g 4 I =
D i s, : R T S G
S "'J Fz'ﬂm"' E'wdl‘-b- i-j (4 dl +
§ Ko " : B : :
e sl madl s 0t

-----

Cn = é_(an _jb[l} fm n= 1,2’ 3’4
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prer 2~ e AT

v = &\B; b)) for n 1 ) .3

n 2 [ § - : :l.. R e B e 7 [4]5}
‘ ||,_~ Ii !‘ ,\'Illl_l‘1 } I"l'l h“ 'l” i I ;
: " '___ b s . : Values “I n, L‘":'.'L';'ll “.-h(-” n “ IIIII {4. ! ﬁ:'
e F l_, - —_—— — e
Consider the frigonometric form of Fourier series of X, lequation (4.1)).
| .KE“ —ﬂ- + Z u.n cosng) 1 + Z b 5|FII'I!1 | . —
I LR . ] a'. + B #
| cosh = 2 4
| b zr: [9'"”0' + e h“u‘] & Inagl iyl I
| 2 n=1 2 I';I n 2' ISW = 2|
| - % jniag! 5, ; b b il - i e
| A T B g st | e gt Bn gt gt 1 i ;
| 2 .;[ 2 g &g D] e i
‘ 99 gl
= — &+ e 0 on Ind1g!
i 2 nzz:'II: ] 5 E [ ]9 :
| ay a, - |bn - a. + Ib
e, = e S Brivie 2 O diby
let, ¢ 2 Cn 2 G :
I .',xtl:-=ca+z::,,e'"“°'+2cemﬂ'
[ n=1
=y + Z c el 4 E c_ el c =
n=1 n= —at
£ ! =
=3 ¥he @ity g n ¢, e
= —= n=1
= _ : [eraer _
2 Z cnglm'ﬂ' ' forn=0
Nns —2
e
* l,'.a 2
c,,:-;—[u,,-ibnj bz e
AT llqn + jb,) for -n = 1 =2 =3 T ®

——

*35qumm:yﬂmutunﬂuruna5p¢dﬂnnhﬁFidudtCnmﬁnmufﬂmnshﬂdh

exponential form of Fourier series of x(t) 1s,

Let x(t) be a periodic continuous time signal. Now,
x_{t) = Z cn cjmﬂl.

ns —m

where, ¢ is the Fouri

The Fourier coefﬁclent c isa complex
Shown bejow,

er coefficient of n* harmonic component.
quantity and so it can be expressed in the polar form as

= |e.| Ze,

where, |c | = Magnitude ofe,; Zc¢ = Phase ofc
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Chapter 4 - Fourier Series and Fourier Transform of Continuous Time Signals 49
i =

4.4 |:o|__|r_ieir Coefficients of Signals With Symmetry
4.4.1 Even Symmetry

A signal. x(t) 1s called even signal, if the signal satisfies the condition x(-#) = x(1).

The waveform of an even periodic signal exhibits symmetry with respect to t
(o vertical axis) and so the symmetry of a waveform with respect to t
symmetry.

0 (i.e., with respect
- () or vertical axis is called even

Emmpies of even s sEr;::-I_S Ere- |
)il =141 41 4 18

x|t} = A cos 1101 ]

In order to determine the even symmetry of a waveform, fold the waveform with respect to
vertical axis. After folding, if the waveshape remains same then it is said to have even symmetry.

For even signals the Fourier coefficient a, is optional, a_exists and b are zero. The Fourier

coefficient a, is zero if the average value of one p-:,nud is equal to zero. For an even signal the Fourier
coefficients are given by,

T2

+T/4
a, = = [ x a () e [ x at
i
0 ~T/4
T/2 +T/4
4
g, o J x(t) cosnd tdt  (ox). & =i Ix(t} cosnfd;tdt; b,=0
0 T -T/4
Proof :
Consider the equation furu lequation (4.2)). e : -
it equ LT [Diidlngmemegrdmwwmuﬂ
a-2 [amai=3 I A s 2 [ o Chonge of Iegral index.
'Tﬂ let,t=—t; ~dt==dt

Whent=0,t=-t=0
Whent=-T/2, 1 =-1= T ="/2

2 j X~} (el + = jxttlcn

::: 1;2 TJE '{Sime 1 is dummy variable, Let =_l|
~ 2 [xendi+= [t
=—~jx{—ﬂdt+—j:dﬂdl jxi 1) dt + jxm |
Tﬂ T,fi.‘ ‘UE
= ﬂjxiﬂ di+— jxmdn - j'xmdt
Consider 1he equation ior a, [equuﬂt:-n (4.3)).
250 dt 1]:&(11 cosnQl dt Dividing the integral
0,= = [ A cosnQgt ot = [ xit) cosnQot dt + = i 4
? 4;:
Tfﬂ Change of integral index,
o jxl- 1) cosn@ql-1) I-del+ leﬂ cosnf! df Lel, 1 = =t ; ~.dt = =dt
T i Whent=0,t=-t=0
'r;z 21 Whent=-T/2, t n—t=+Tfﬁ=Tm
== jx{--:; cosnflyt dt+— Ixﬂl cosnﬂnf dt : :
1,1'2
j x(~1) cosnE2g! dl+— jxm Eﬂﬁnﬂa'd' Si
n &
I ﬂcnsnn,,th-— jxllll mﬂﬂaﬂ“"‘I"m cosni2! di 5|
ik To I
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Signals ¢ 1

4.10 e —
R~ WMnEr b_, lequation (4.4)) —\g
i
12 2 % _ 2 . r—___—_“—ﬁ
b, c% [ xit sinn@agt ot = [ i sinngt ot + - _!’5"1 sinnfl,! &t ,?‘g""ﬂwr
T2 Sl ‘__—__—"—--_i
11 2 =
2 : Change of infegralindesx. ™~ |
_2 ‘Txl—r'l sinngd,(-1) [-dtl + T I)dl] sinnl,! dt let,1=-1; =gt i
I o W‘Hﬂ‘—*ﬂ,t =--'=ﬁ -1
1 2 1
: __E.TInd—d R dt+£ I;m sinngl ! dt
o A T 0
172 E :
=-E I:d-tl sinnQ,t dt +3 Iﬁdﬂ sinng2,! df
T 4 T o
2“! 21”:
i j:dtl sinnﬂgid+;]l’¢ﬂmo“’ﬂ“
1 s ° e —
The waveform of some even periodic signals and their Fourer series are given bdﬂW____h_
- xt)+
The waveform shown in fig 4.4, has even symmetry, half wave 4o
symmetry and quarter wave symmetry.Hence for this waveform, '
a,=0,b=0 and a_exists only for odd values of n. Therefore the T _l : -
Fourier series consists of odd harmonics of cosine terms. The _i - '*-.—-.‘1— =
trigonometric Fourier series representation of the waveform of fig 4.4 oy £y =¥ _
is given by equation (4.17). [Please refer example 4.1 for the derivation . FP %] :r :
of Fourier series] s
b = 4A [msnﬂt _ cos3Qt " cos5Qt  cosTQt , COs9t " m..
n 1 3 5 7 R e e e :
The waveform shown in fig 4.5, has even symmetry and so &R :
2 ~ - If the de component (a/2) is substracted from this waveform A
enr]t wﬂ]. have half wave and quarter wave symmetry, and so the —I I ' ;
Fourier series has odd harmonics of cosine terms. The trigonometric --i_-i L 1 _;_ t
Fourier series r i £ e » g
s o e[r;)rleeﬁti:;u of the waveform of fig 4.5 is given by Fig 4.5. i
series| ' er example 4.3 for the derivation of Fourier @ P
_ A 2A [cosQ,t &
M) =55 5 i of _ cos3Q .t cos50). t Rt
_.___2__,[_[ 1 ‘—3—— + -—-_f._’_.L = mﬂ;ﬂot ~ cos9Q,t Gt ] ..._{‘UQ
v The waw?fonn shown in fig 4.6 has even symmetry and
s0 b,= 0. The trigonometric Fourier series : x(®)
waveform of fig 4.6 is gi T€s representation of the
€ 4.0 1s given by equation (4.19), -t
T
- &
Fig 4.6.
2A  4A | cos20)
Xt) = — ¢ =18 st s cos40) t cos 602, t
n n (22_1) (:2_:_1_+_‘-‘.——L-—————mm°t+...
Lidd - 1

_Vheribode - 1) -GS )
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4 Fourier Series and Fourier Transform of Continuous Time 54 PET,

The waveform shown in fig 4.7 has even symmetry and
_. Thel

sl n. - fig 4.7
T aform of g : . - . ,
Wave o 44 for the derivation of Fourier series].
ple ™
k‘\.'ii

1-i5_"n'|li11'|1¢..‘“1l'..' Fourier series representation of the
is given by equation (4.20). [Please refer

Fig 4.7.

x(1) 2A 4A E:_‘;?_ql + Etzs_‘lﬁlu!_ 4 Cos60,t | cosst |

o om|@-) @-1) (@) (® o)
The waveform shown in fig. 4.8 has even symmetry x(t)
— 0. 1f the dc component (a /2) is subtracted from
orm then it will have half wave and quarter wave
so the Fourier series has odd harmonics of —&f y ,,
osine terms. ThE Fourier series representation of the :
;-avefﬂnﬂ of fig 4.8 is given by equation (4.21). [Please Fig 4.8.
refer example 4.2 for the derivation of Fourier series].

A 4A [cosﬂﬂt L ©083Qqt | cosSQut | cosTQt ] ..... (4.21)

XU) = -2_ I HI 12 32 52 ?2

The waveform shown in fig. 4.9 has even O+
symmetry and so b, = 0. If the dc component

A

(a,2) 1s subtracted from this waveform then it will /\/\/ﬁ\/\/\
have half wave and quarter wave symmeiry, a.nd ; VB, > -r -
so the Fourier series has odd harmonics of cosine ) 7
terms. The Fourier series representation of the T
waveform of fig 4.9 is given by equation (4.22). & 1 :
[Please refer example 4.11 for the derivation of QEIT“
Fourier series]. . :

o] = A 4A [cosﬂﬂt S cos3Qgt |, c0s5Qt | cos'?znot i ] ‘‘‘‘‘ 422)

RN e ik T 3 5 7

442 Odd Symmetry

A signal, x(t) is called odd signal if it satisfies the condition x(—#) = —x(1). : .

The waveform of odd periodic signal will exhibit anti-symmetry with respect to t = 0_ (ie., mth
¥5pect to vertical axis) and so the anti-symmetry of a waveform with respect to t = 0 or vertical axis is
“lled odd symmerry,
Examples of odd signals are,

X =tatsap st
Xt = A sin Ot

In order to determine the odd symmetry of @ -wavefonn, invert either the right side (or the left

Side) of the waveform with respect to horizontal axis and then fold the waveform vnth res!wct to Vemc:ld
Uis. Afier inverting one half and folding, if the waveshape remains same then it 1S ’.Wd to have
sl'rm'-'nc:ry. ' 5
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412 I s —— [
' &
.‘.1'1i.1 are Zero And D xisls. |

a 0

For odd signals a

a =0
« 1'd

x{1) sinn€ tdt  or
r/d

Consider the equation for a,, {equation (4.2]))
1/2

= j xlﬂd‘r--— _[ xmdu—jxmdt

‘J-’?

1 —jxl—tli dtl+-— _[xm dt

T,.fz Tf 2

-—jn o dr+ 2 jxmdf——jxl ﬂdl+r[xlﬂd1

1;2 sz
=--~jxm d1+3jxm dt=0

or odd signal the Fourier coefficients are givep, by
£ Y,

4 h : J x(t) sinn€2,t dt
I

| Dividing the integral in@

Change of integral index,
let,t=—1; ~.dt=-d¢
Whent=0,t =-t=0
Whent=-T/2, t =~4=—-1/2) =19

|Since T is dummy Vﬂriuble,:m T=ill

[Since xif'is 0dd, X1 =i

Consider the equation for a , lequation (4.3)).
o T2

-T,l‘2
-2 -J'x[--a coSNQyl~1) (~d)+ 2 J‘ xit) cosnQ,f dt

'-' z UZ

== Iﬂ—ti cosnQrdr+ — jxﬂl cosng,t dt

TfZ Tﬂ
J'x{ 1) cosnyt dt + 2 j xt) cosnagt it
TH

e~z jxm cusnnofdh-— jxm cosnQt dt = 0

'sider the equation for b, lequation (4.4,
2 T2
b, = = j Xt sinnQt i = 2

_[ xit) cosnQyt dt = = j xit) cosnQ,f it + 2 _|‘ x(1) cosn€2,t dif

_m ,,;L xlt) sinnQgt dit + 2 j ) sinnQt mu:::wd
xt» )i -
1) SINNQy (<1 () 4 2 J';gm ﬁnn%fdt Change of integral index,
w £ Lﬂ,I:-:,,d‘--d‘l oos
i e o Whent=0,1 =t=0
j Xl~t) sinngQyr de 4+ 2 Jxﬂ] ﬂnnn.t o mmf__m F =.=r=+mi=rf2
r,f: . ) i
=2 j' X1 sinnQyt d 4 2 I""' sinQg di
7
-? I X(t) sinnQ,t ot +

= EI[:cm sinnQ,t dt = % T"“ mﬂ e Sy .
5 T ) 3

—e

Dividing the infegral
into two pars.

Change of integral index,
let,t=—; ~di=—dt
Whenf:ﬂ,r=_1-_-0
Whent=-T/2, 1 =~4=—-1/2)=12

cos|-8) = cosB
|Since « is dummy variable, Lef « =1]
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..-—-"'".-.-'-_-_-_ - -
The wavelorm of some T‘WSigm[_g 413

0dd periodic

I : Penodic signgals and their Foyr
jonals will become odd after subtr iy
L

action of the de . I series are given below. Certain

" 1'.:,;4.13- YMponeny (a/2), such a signal waveform is shown
The u.auim-!ln shown in fig 4,10 has odd symmetry x(1)

pall wave symmetry and quarter wave Symmetry. Hence Ful.' A

inis waveform. 2,~ 0.2, =0 and b, exists only for odd vafues of I_- -

o, Therefore the P_"nurier series consists of odd harmnnics; e o N . 1 I i

sine terms. The trigonometric Fourier serjes representation of T

the waveform of fig 4.10 is given by equation (4.23). [Pleasc il

refer example 4.5 for derivation of Fourier series], Fig 4.10.

o i - 3 5 7 T

4 i : .
x(t) = Sin |:sinﬂnt 4 SIn3Qt ¢ S0t sin7Q,t n ]

The waveform shown in fig 4.11 has odd symmetry, half wave symmetry and quarter wave
symmetry. Hence for this waveform, a = 0, a = 0 and b, exists only for odd values of n. Therefore the
Fourier series consists of odd harmonics of sine terms. The trigonometric Fourier series representation

of the waveform of fig 4.11 is given by equation (4.24). [Please refer example 4.6 for derivation of
Fourier series].

Qﬁ=-.:|_'
Fig 4.11.
i€ t sin3Q,t  sin5Qgt  sin7Qt
x(t) = S_A i, - E—m g + — 3 9 - ?2 o g "{424}
bk n? 1 g0 vt g and 21 B T rwiso gy gt

try and so a, = 0, a, =0, and b,_ exists for all
d harmonics of sine terms. The trigonometric
2 is given by equation (4.25). [Please refer

The waveform shown in fig 4.12 has odd symme
values of n. Hence the Fourier series has both even and od
Fourier series representation of the waveform of fig 4.1
¢xample 4.7 for derivation of Fourier series].

x(1)1
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= form shown in fig4.13 15 neither even nor odd. But x(t)
The wavetorm '

hat if the dc component

dd signal. Hence th _ -
n. Therefore the Fourier Series

a /2) 1s subtracted from
1 - m i
it can be show
this waveform it becomes 0O f
ets for all values © ;
5= il S I-Lc! [l harmonics (both even and odd harmonics)
t and all hart : .

s a dc componen VR venanes g
h? ine terms. The trigonometric Fourier series representation
of sine s.

formof fig4.13 18 given by equation (4.26). [Please refer example
wave Y b _ "
4.8 for derivation of Fourier series].

: : in3Qt sin4€2,t sin 52t
x(1) = ot 2 [s______mﬁnt + ______rstzﬂﬂt + —-—-—-—'Slﬂ3 -+ -—-E'i' T —"—“5 + . wree(4.26)
2 i

1 L B sisdabacail

e Fourier coefficients

——

n

;._4.3 Half Wave Symmetry (or Alternation Symmetry)
The periodic waveforms in which each period/cycle consists of two equal and opposite hgjs

period/cycle are called alternating waveforms, because this type of waveform will have alternate positive
and negative half cycles. Such waveforms are said to have half wave symmetry o1 alternation symmetry,

The waveforms with half wave symmetry will satisfy the condition,

){t + %) = —x(1)

When a waveform has half wave symmetry. the Fourier series will consist of odd harmonic terms
alone. The waveforms shown in fig 4.4, 4.10 and 4.11 exhibit half wave symmetry. Certain waveform

will exhibit half wave symmetry after subtraction of the dc component (a,/2), such waveforms are
shown in fig 4.5, 4.8 and 4.9.

Some of the waveforms with only half wave symmetry and their Fourier series are given below.

The v.faveform shown in fig 4.14 has half wave symmetry. Hence the Fourier series consists of
f)dd_ harmonic wl?as alone. The trigonometric Fourier series representation of the waveform of fig 4.14 1
is given by equation (4.27). [Please refer example 4.10 for the derivation of Fourier series]. ;

0 3
A A o= 5 -’:
\I-T 0
'T\ I
B SRS
Fig 4.14,
4A
x(t) = -~ (cosﬂut + fﬂs__:;;‘_]_:ﬁ + msmut
T 32 -—5_2—_ + ] Bt

2A i ‘

T e— (smﬁut + M + M .....(437}
» r ot r 3 5 : *)

B SOl
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;. Fourier Sertes and Fourler Tvansform of Continuous Time Signals 415

shown in fig 4.15 has half cansists of

e \-'q,_"f{]ﬁ“ Wi . - . -
he W& ave symmemiry. Hence the Fourier series consists of

T . . .
. arms alone. The trigonometric Fourie .
Armoni l‘—ﬂ““ o B etric Fourier serjes representation of the waveform of fig 4.15
o by equation (4.28).
s g
-
t
Fig 4.135,
4.&[ cos3Q) t cos5Q t o o 20
) = —| cos it + 7 o SRR e s Q,=—
x( - 32 52 1
: sin 302 TR L O S IR ST g (4.28)
- 2—‘t'.‘-(su'nﬂﬂt T sin3Q,t .
s =]
444 Quorter Wave Symmetry

A waveform with half wave symmetry if in addition has even/odd symmetry then it is said to
ve symmetry. In a waveform with quarter wave symmetry, each quarter period will

pave quarter wa :
but may have opposite sign. The existence of the type of Fourier coefficients for

have identical shape,
waveform with quarter wave symmetry is shown below.

x[t:l:r—;u) = —x(t)

x(t) has half wave symmerty.
Fourier series has odd harmonic terms.

| |

— — = — =" — t
x(-t) = x(t) and x[t i ;) - x(t) x(-t) = —x(t) and x(t + 2[] x(.)
x(t) has odd and half wave symmetries.

x(t) has even and half wave symmetries.
(ie., x(t) has quarter wave symmetry). (i.e., x(t) has quarter Wave symmetry).
\ Fourier i i il have odd Fourier series will have odd
harmon?:sne:‘m I' ‘trzrms harmonics of sine terms.
of cosine ;

ave symmetry. Certain waveforms

4.11 has quarter W
o (ad'z). such waveforms are shown

The waveforms shown in fig 4.4, 4.10

Ry
23 Properties of Fourier Series

The properties of exponential form of Fourier
"t these properties arc left as exercise to the readers:

e 4.1, The proof

series coefficients are listed in tabl

—s——
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I I

wries Co jjn [e r.-.fs r;," x(t) and y(t) mspfffweg

Tihle

4.
Note

—||ﬁ

:C fmc." u’ are

' [

Frnpi‘lﬂ'

Lincarity

- T;m“ shifting
| F_:oq_l.lg'.-:}_*s?ﬂﬂing

—C'—"ﬂ] ugation o

Time reversal
Time scaling

1: Pr opcrhe*«: of E 1pﬂlll.‘

AL
m,nfm: nmu' form of J" rmuu

e —

——

——

e v ]

[ Fourier series {
Confinuous 1|mlt' coefficients |
pp]‘iﬂ[“l' signa ] 23 —-__‘___'“‘"——-__H'
;\ ¢, +Bd |
Ax()+ By() R
; } . c. @ Il‘lﬂrﬂn E“I
x(t—1 N
B — T ——
- C
e Imhol x(t) JE—— — —'—__“—“-Hj
it c .
. — §
S A ¢ :
x(-1) o i
x(at) ; @ >0 ' :

(x(t) is period with period T/a)

(No change in Fourier coefficien) |

Ji e e

Multiplication x(t) y(t) m = -
d ' |
S E x(t) .ll'lfl{} C, %
; 1
- cn
o [ xwat inQ,
(Finite valued and pericdic only if a, =0)
Periodic convolution L x(1) y(t-1) dt 154,
*
Cn = C—nn
: : lenl = le—ql 5 £ep= —4ca
Symmetry of real t) 1s real \
signals|  x(t) is Re{cn} = Ref{c_p}
Im{c,} = —Im{c_y}
|'j I;.R;n:landcvm x(t) is real and even c,arerealandeven |
| and odd i
| x(t) is real and odd cnareimaginﬂ}'md"dd___-—-
Farseval's relation Av i
MPWH.PDfX(t)mdcﬁnedas, Theavmgepowmpmm
1 15,
P = = J’ X(OF dt of Fnu:ner series
T
P= E le,
_ _.ﬂ" - e il
+ J. IO ae 2|e Pied wrimah
——l-_'-'-'-."’
Note : 1. The term ]r: | respresent the power in e

power in a periodic signal is equal to the

2. The term ,':',.l Jor

50 it Is called power density

harmonie

n=012.. isthe dﬂi‘tdbuﬁm

Spectrum or powey

component of x(t). The total averas®
sum of power in gil of its harmonics.

of power as a function ofﬁaﬁ'ﬂ*""" #

mmmmofm- ;

N S 2 R R ey
e G e e
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o ermine the trigonometric form of Fourier series of the

" pe i
shown infig4.1. 1 _ Wt
wa\,emﬂ‘“ -'} %’ ; t

gveform shown in fig 4.1.1 has even symmetry, o
symmetry and quarter wave symmetry. T T
ave ) )|
4 [l

Ti2

4
w8, =0 b= 0 and a, = T _[X(t)msnnutm
o

The mathematical equation of the square wave is,

-

x)=A | for t=20 IOI
I [ol
4 2

]
1
p-J
g
=
—
]

nofa,
-E—f_u;.}.m-_._._- T2 T/4 Ti2

4 4 o
4 e nOtdt + — [ (-A)cosngt
a = & [ cosnagtet = 3 {Acus et + = [ (-A)

Ti4

5 s o sin0=0
I A [ T > _-—sln—-}
_nm ' | sinnn
4a | T n— - U] -7 [2“!1: 2nmn 2

sinne=0
2A . Nm 4A _ Nm for integer n
2A . nn sin~ = — sin
= — SN— + nm 2 Nt 2

L
For even values of n, sm-é- =

, nm
For odd values of n, 3'"'2—

0

AA s'nm‘- 7 for odd values of n
nm 2

+1
. jues of n
- for evenva

n

=]
I

e o g
FH= . - | ﬂi'n- T
x

1 1 2 AI
PP
sin — an

3 xm 2
4A

4A 5 _ L —
sin—- =

Exm 2 5n i

o In 4A  andsoon.

= —— SiN5- = T g,
ML Tewm o ;

W
@
L}
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Signals & Sj““’ﬂa

4.20 & System,
Fourier Series
___The trigonometric form of Fourier series of x(t) is,
_ 8 , ¥ a cosngl 4 \ b,, sinn€),t
ol =
[ d values of n.
Here,a =0, b =0anda_ exists only for od
< x(t) = Y, a,cosnid!
n = odd
= a,cos{lt + a; o8It + 8s cos5(,t + a, cos7Lht + ...
4A
an o ﬂ t = — cosT7LYt + ...
= — cos{l;t - o cos 30t + e cos5€), S o
& fﬁ[cosnﬂt _cos3pt cos50,t cos:ngt ] }
n 3 5 - S
Example 4.2
¥ | -
Find the Fourier series of the waveform shown in fig 421, /\AA&‘
E;uw‘_ =27 =T 0 % T 77 ‘
The given waveform has even symmetry and so b =0 i
k Fig 4.2.1.

2 4 Ti2
_[x{t)dt i Ix(t]cuennﬂtdt ; b,=0

(1] 0

a, =

“| &

To Find Mathematical Equation for x(t)

Yo s A=
¥y — Yz X — X

Consider the equation of straight line,

Here, y=x(t), x=t.

~. The equation of straight line can be written as, X(t) — xit;) S et
x(ty) ~ x(t,) L-1

Consider points P and Q, as shown in fig 1.
Coordinates of point-P = [t , x(t,)] = [0, 0]

Coordinates of point-Q = L, x(t)] = E a]

On substituting the coordinates of points P and Q in equation (1) we get,
x(t) - 0 { -
). it =

< -2t 2A
o0& T RITiE T e
5ot = ?t ; fort = 0 to T
2
Evaluaﬁonofnn
Tr2 Tiz2
g 4 'f 2A BA '
a x(dt = — - —
0 (t) T ! T tdt = j tdt

0

l

-

8): [EJT.’Z “A_[TE A\ "
e =
T 182 ? 8
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e Fourier Series and Fourler Transform of Continyons Time

421

M//”’—_ —— % [ime Signals

E"duﬂﬂfffﬂ Ti2

4 4 ¢ o r
a, = — | x(cosnQtdt = — — 14 8A "¢
T .[ T ! T 1 eosn{,t dt = = jlcosn[znt it
i}

(1]

--I[du! VL

.. tSi::;lu‘ - ,[1 3 [slnnui]m = .[W = ufv
T™ | 0 ne, I -

u=t j V=GOSQ,J

T2

8A [t sinn€dt [—msnnﬂt]]”? BA tsinn%}’ﬁ cosn 2%

= 2 = IS [ T
L néd, n® Qf 1" n2_r_r_ ® , 4%
T " T2
. 2n T 2“-1'
siNN—— CoOsSNn— —
_ 8A I—TE_.,. T2 _ 0x sind cos0
TP |2 p2r n24r 2n 2 41
T ™ T "5z

8A = T= T2 oA
= — |— SInnNm + COs Nm - = el -
s [4nn 4n°n® g 5 e [cos nm - 1]

For even integer values of n, cos n = + 1
For odd integer values of n, cosnm = —1
a =0 ; foreven values of n, and

2A 4A
a. = —— |cosnn - 1] = ——— : for odd values of n.
o= = | e
4A 4A / _4A 3
L =g a, g o a; pawr > PR and so on.

Fourier Series
The trigonometric form of Fourier series of x(t) is,

x(t) = 32‘3- + D a,cosnQt + > by, sinnQt

Zn
Izﬁz T

sin0=0

cos0=1

sinnt =0
for integer
valuesof n

n=1 n=1
Here,b =0, anda, exists only for odd values of n.
©oxlt) = 32'1 + ngwaﬂ cosnQ,t
= 52'1 + a,0080),t + a;c0s30t + 85 €08 502t + ...
4A 4A SR
= % e cosQt — Fn? cos 302t 522 QORSe
cos30,t . cosbt
= 5 - 2 [oounu e it it o
Eampie 43
t
~—ple 4.3 X( H
wa Determine the trigonometric form of Fourier series of the
eform shown in fig 4.3.1,
utio = - : . -
~——Jon - AT 2 38
The waveform of fig 4.3.1 has even symmetry.
¥ T2 Ym e Fig 4.3.1.

4

— 1) cosni,t dt

b, =0, ao=%j‘xmdt;a,=-,!"" 0
o
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4.22 ’l/;;m-

Lo an
iven erlodlcrEC'
he mathematical equatior of the given P

x(f) = A fort = 0to 4
T T
-0 ; fort= 4 to 2
Evaluationofa,
g A i ) Tid 4 T/4
Tiz 4 _ % rat
4 _ 4 Tad= - [A
= — | x(t)dt
g ! T l
.. |,qI - D} = A
T 4

Evaluation ofa,

=
, T/d 4A | sinn,t
T2 4 = — | —%

a, = ; x(t) cosnQgt dt = T E[.""uccis nQ,t dt T [ ngl, ]U

n

4]

Tid
2 . 2xT
Esmn%l _4A 5'"”?;4_ sin0

4A =y
= — w
T | 42 T s
T T T
= ﬂ % _T_ Sjnn_n = E‘E sinn_n

T 2nn 2 nm 2

. Nm
For even values of n, smE— =0

+1

For odd values of n, sinng—1t

~ a =0 ; forevenvaluesofn, and

m

2A . n
8, = — sin~ , for odd values of n.
nn 2
2A gei 2A
o84 = sSin— = =l
1" Txn m2 ¢ n
gl 8x s 2
I3xn an
ag = i EiHEE = +EA_
5 xn 2 5n
T R 2A
ay = SnN— = __—_
Fourier Series fxm.  FR TR k!

The trigonomteric form of Fourier series of x(t) is
a = :
x(t) = =L cos 3
0= =2 4 n‘éan "t + 3" b, sinnq,t

Here, b, =0anda, exists only for odd values 1n:)f n

.\ X(1) = + Z a, cosnq,t
N = odg
+ 8,C080).t
i o + 8500830t 4 85 CO85Qt + a, cos70 t
% . P . e
+ — cost — ?f; bttt
= 0 an maﬂul + ‘E—A; ﬂ'ﬂﬂs‘lgt
2A { €08 30) v o
+ = lcogll .t — '—'--—--E_t —-—_.__Q__c —_—
: i ot ns:m - cos7agt ]

Ess——

COS7Qpt + e ¥

RI> R[> p|P e

Scanned with CamScanner

Scanned with CamScanner



 fourier Series and Fourler Transform of Continyoyg Time

2

|
o—

172 Ti2

[ sin(t + magtdt + T jsmn — n)Qgtdt

Q

2A

T
_2A [-casu + nlnﬁ*]:m , 2A —____r__M
- ?

R Ao i

i
M/’,l/d— Signals 423
Enﬂmpl
Detel‘m'”e the trigonometric form of Fouriar serias of
| wave reclified sine wave shown infig4.4.1,
i
pe 1V
— "
sﬂuﬂﬂﬂ [
~ rhe waveform shown in fig 4.4.1 is the output of 1y
 rectifier and it has even symmetry.
Ti2
4 Tia
. = ay = — b 4
sy =0 8= 3 !xmm e | xtt) cosna,t ot
1]
The mathematical equation of full wave rectified output is, F
_ . . - T 2n :
¥t) = Asinligt ; fort = Oto — and g = — -4
2 T P
puauation of & E
4 Ti2 T2 g‘*
i jx{t}dt = [Asinga = 38 |_cosOt
T 2 Tos T: Q,
2n 1" 2n T
_4A cos--f-t _4A cos?i cos0 >
TR | T T & TTh 9-7
T 5 T T
] [-cosn + cos0] = 20 [t +1= .ol lcosn=-1[cos0=1|
n n ]
Evaluation of a_
g T2 4 "2
== Jx(t) cosnglt dt = T jAsinnotcosnﬂnl dt
o i}
4A TP sin(Qot + nQt) + sin(Qgt — N2 [25sin A cos B =sin(A + B) +sin(A- B)|

e —

1 + n)Qy T 0 -0
: 4 . T _2n
~cos(1 + n)—'t [ —cos(1 - 37T
= E mn
T et n)— et = e
: 3 2 T
_cos(1 + ) 2% cos0 ghiL=oet! T3+ el
- 2A T_Z _"_'_'_fn_ .2 1 - n]— (1 =n 5 |[cos0=1
3 (1 + n)7- Ny '
: Acos(l - nn (1)
= _*__;'?j_x};ﬂ’i It_{_'ﬁ -~ f-mr  (-nr

__——ﬁl
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Signals & System,

4.24 +d for all values of n exceptn=1. Forn=1,a, has to be estimated Seperaty,

; can be evalual
ation (1) for a, )

The equ
as shown below. T, r
T/2 ,1 ’
= 1.1 costd t dt .
a, = : J- x(t) cosQgtdt = = _[ A sintly 0
0 Ti2
= —1': ﬂ 2 T 0 l;;
i 2n T :
T2 A 'CDS(Z X T X 2 J 0050 |
_ AN -2t e 2A - + 5
, T 2!}.: T 2 % T 2 * ..r_

T
____[-_-—coszn+ Iﬂ_ T 41‘*4“

-
ues of n > 1, the a, are calculated using equation (1) as shown below.

Acos(1 - mn A
(1 -n)r

scos(1+nm= -1 ; cos(1-njr=~1

~cos(1+nm= 1, cos(1-n)n= 1

For val

Acos(l + n)n A =
Sy ST (1 + n)n (1 = nn

When n is even integer, (1 +n) and (1 - n) will be odd,
When n is odd integer, (1 +n) and (1 - n) will be even,
Loa= 0 ; foroddvaluesofn

A A A A
= — = . foreven values ofn
& {‘I+n}u+(1+n]n+(1—n)n+(1-n):r:
Al 2A - 2h 2A(1 — n) + 2A(1 + n) _ 4A
@+nx (1 -nn @+n@-nr (1 -n)n
ey = —4‘}— = —ﬂ
< (1 - 22}1: In
aih A 4A
(1 -4*)x  15n
L 4A
ag = = -
(1 - 6)r 35n
4A 4A
A = e
8 (1 = B’)n 8an and so on

Fourier Series
The trigoaometric form of Fourier series of x(t) is

x(t) = 2 + 2 a, cosni,t + Z b, sinnQ,!

ad nei

Here, b = 0, and a, exists only for even values of n
_ =S
LX(t) = ?!1 + ) a8, c08n0t

n = gvan
a
=-§'+E2mmﬂt+.4M4nnt+i‘m i
b R o Q! + a, cos8Q,t +
W e OOBEILE & : _
» snfbaint :_m’“ ““"“*‘“ﬁ'“m‘“'
 mm— e — v
i “{ ¥ T '-*-'-‘3'«-*..],
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. Fourier Series and Fouri,
M urier Transform of Comtinuous Time Signals 4.25
example 42 =
— petermine the Fourier series of the square wave shown in fig 4.5.1

solution -
~ Theg aveform has odd s M -1 4 : R t
The given w ymmedtry, half-wave symmetry 2 ]
and quarter wave symmetry. —A
Ti2 5
. _ 4 Fig 4.5.1.
.8 =0 a, =0 b, = T Jx{l} sinng} t dt
0
The mathematical equation of the given waveform is,
xt) = A ; fort = nm%
=-A ; fort = L toT
2
Evaluation ofb_
; en
Tiz Ti2 Ti2 Pa S
b, = i Ix{t} sinnQ,tdt = 3 J’A sinnQt dt = X {—cnsnngt =3
T T T nt, cos0=1
T/2
T 2n T
4 [ TOSNTH] _ 4A | TSNS coso| _ 4a [ T T ]
| i = = 17 = =— |=—— CosSNx + ——
T ,-12_“ T n‘?_“ nE_w: T L 20 2nx
T: T T
cos nm=-1, for n=odd
cos nm=+1, for n=even
b =0 ; for even values of n
=ﬂ L+—T-}=ﬂ; for odd values of n
T|2nn 2nz]| nNrn
' 4A 4A 4A
= — = — ; by = — andsoon.
b, T s 3n . 5n

Fourier Series

The trigonometric form of Fourier series of x(t) is,
x(1) & 329- + Z a, cosnfet + Z b, sinngt
n=1 n=1

Here,a, =0, a, =0 and b, exists only for odd values of n.

oo Xt

3" b, sinn,t
n = gdd

b, sinC,t + by sin30t + bg SINBQL + .oove

4A _ 4A AA Bt +
2 sinQot + o~ sin3t + 0 50

4 m
t sin t
_ A [smot , Snog!  Sn%o! , ]
St i g
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4.26 =
Example 4.6 h
o Determine the trigonometric form 21‘1 T - . F
- ' wnin fig 4.6.1. /\ T . |
Fourier series of the signal sho q AN : N |
- E ] e _\A 4 2 t
Solution
™ ry, half wave symmetry ’

. , "
The given signal has odd symme )
and quarter wave symmetry, andsoa,=0,8 =0, » Fig 4.6.1.
% [ x(t sinnqt ot

TiR
b, = & [« sinngtat (o) b, =
L O - T4

] i I i a dso‘ t,h .f L i =

| g T T
be simple, if the integral limit is y 4

To Find Mathematical Equation for x(t)

Y=y . K=K

Consider the equation of straight line,
v . Yi — ¥z X = X
Here, y=x(1), x=t.
0 . . I(T} - I(tT} t P t'l
- The ation of straight line can be written as, =
g Y x(t,) = x(t,) L (1)

Consider points P and Q, as shown in fig 1.

Coordinates of point-P = [t,, x(t )] = [—} - A]

e ‘f;'“’ '_?'|-: o s v

Coordinates of point-Q = [t x(t)] = [% A:[

On substituting the coordinates of points P and Q in equation (1) we get

T
bo e T
_!_(tl_:_(—ﬂ=___[_ﬁ % x(t) + A t+:

Moy T S R TR g
U
Xﬂ) 1 2t 1
oA 5 = m—=—— x(t
i s e *£=—§ BRESER Mo
x“»:"‘—"t.fﬂfl=_.-_r_‘o+l X T
E\'llultlono!h_ 4
b, = = *}J‘x{l} ——— {0 P = |
T -Tié = ?r' I -T_t Slnnnutdt & ‘1_3‘& +T/4 i
“Ti4 T? Itﬂinﬂﬂntdt .4
= 16A | (—cosno ~Ti4
L) 11+ (g o= oo
T -Ti4 ) u=t |V=5i"nﬂut
= 16A | cog :
T2 ["l a0, t 2 mt- Ti4 16A angit !Iﬂng,ﬂ_t Ti4
R
n‘.i'," r,'z‘»‘l'la
16A | T cosn 2" T 2x T : h 1o /4
1|y —14 ol T cosn2%(_T 2n( T
T n24n 4 = - T
n—
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o ———— 2 Continsous Time Signale 427

' T | 8 2 anigz 5N 12 cos™™ L i
B “ g N
- nn A n 2
= o T8 * oopih = nA ooell . 4A M
A n 2 nn? 2
= —— Sin—
nem* 2
For odd integer values of n, sin%E = + 1
nn
For even integer values of n, S'”_z‘ =0
“by =0 , for even values of n
8A . nm
= —— 5in—; foroddy
=22 5 alues of n
. 5 e o
e TG Y
b I g S B
g3-* 32?[2 2 32?:2
_BA in5rt = 2
b5 = 52:12 5 ? 52“2
o BA o nl® _ __BA lndsoon
7 ?EKE 2 72n° :

Fourier Series
The tngonomalnc iorm of Fourier series of x(t) is given by,
x(t) = ? + E a, cosnQt + Z b, sinnQt
n=1
Here, a,= 0, a, = 0 and b_ exists only for odd values of n.
L x(t) = Y b, sinnQgt

n = odd
b, sin,t + b smsn,ut + by sin5Qyt + by sin70,t +

8A
Ry WS
72“2

-----

sin30,t + —a—A—' sin5€

= sinQpt ~ 32’!
naqgt | sinsQgt _ Sn70t ]
= 8A [nagt - ST+ = 7
2 3 S
Bxample 4.7 -
~ Determine the trigonometric form of Fourier series 10
e signal shown in fig 4.7.1.
Sol
Olution
a,=0 Fig 4.7.1.

The given signal has odd symmetry and s0 &, = 0,

4 Ti2
bn = = J K“] Elnn‘]ntd‘l
T 0
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Signals & Systomy

4.28
To Find Mathematical Eqiaiio_nEr_XE
e N Y=y . Kl
Consider the equation of straight line, Yy = V2 T Xy~ Xy
re. = x(t), x =t
i 4 | Xt) - x(t) _ t-t
- The equation of straight line can be Wrilen 88, 563"y y = 4, -, e (1)
s x(t)4
Consider points P and Q. as shown infig 1.
; int-P = [t,, x(t,)] = [0, 0] Ahac B
Coordinates of poin 1 Ay
T #
Coordinates of point-Q = [t,, x(t,)] = rL A £ I]/T —
. 2
On substituting the coordinates of points P and Q in equation (1) we get, Af oo
2At
xy-0 _ t-0 _ x) _t  oyp=S= Fig I.
0-A o 0 I -A —-I L
Y 2
2At T
: 2 sl = 0to —
S oxlt) = = for t 2
Evaluation of b,
Ti2
a 'y 4 "¢ ot _ BA ‘
g g - £ sinnQutdt = — | tsinnQ,t dt
b, = T gx{t}sinnnotdt T T Q, T2 ':[ 0
T2 = u|v - [du v]
_BA —mﬂgt_11xf—mntm juv ”J J I
= TR nQ, L nQ, u=t |v=sinn.(‘.rut
2 2 T/2 ’
o, = - &l = T 2q
_ 8A[ ,cosnQit  sinnQt i _BA “tcnsn?t E: smnTt Q=7
| nQ Wil L 02 2 4n®
" = n =
2n T
: E 2 cosn § N smn—_l_—— 0 x cos0 sin0 m
T 2n 4n 2n ane
n— nE & ol 2 4T
! T T? T B3
BA [ T2 T2 2A e
= el 2 : sin nw=
-._r'f i ann cosnm + 4an2 SNk | = _Fﬁ_ cosnm hﬂirﬂewrﬂ
For even integer values of n,cosnm=+1
For odd integer values of n, cos nx = -1
s bn B — f =
o orn = aven
= frg'“i forn = od ;
Rt 2
2A 2A &=
.‘.b=+——;b .. A - 2A, i’i'»;
1 T 2 2,‘ |b3 +_'-"hl = —«4T..’|:}15 +£.ﬁ_ andsonn. '::‘
Fourier Series n 5n 2
The trigonometric form of Fourier series of x(t) is,

a @ o
X(t) = ?" - nz1a,, cosnfl,t + 21 b, sinng,t
= n=
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Here,a,=0,a =0

= X(1)

= > b, sinnQt

ne1

b, sinQ,t + b, sin2Q,t + b, sin30Q,t + b, sind),t + by sin50.t + ...

1]

eh o 2A 2A ah 2A
T Sin!lut - 'én 5|n2119l + a} 31nasln1 = ..4“: s'n.q_[znt + a S|n5glnt e

_ 2A [sinQpt  sin20gt  sin30t  sindQpt  sin5Ot '
- 3 2 a 2 + —-—-5—— = s
Example 4.8 C
) Determine the trigonometric form of the Fourier series
of the ramp signal shown in fig 4.8.1. A
Solution i
The given signal is neither even nor odd. Fig 4.8.1 t

T T T
2 2 2 :
e [xet 5 a, = = [ x(t) cosngtat ; b, = = | x(t) sinnt at
Q i 0

" Note: It can be shown that after subtracting a,/2 from the signal, it becomes odd. Hence a, will be equal fo zero.

| I

To Find Mathematical Equation for x(t)

Consider the equation of straight line,

Y= = X =y
Yi— Y2 Xy — Xz

Here, y=x(1), x=t

; x(t) — x(t,) t -t
: i ight li e R ST 1
. The equation of straight line can be written as, Xty = x(t,) Y= (1)
Consider points P and Q, as shown in fig 1.
Coordinates of point-P = [t , x(t,)] = [0, 0]
Coordinates of point-Q = [t,, x(t,)] = [T, Al
On substituting the coordinates of points P and Q in equation (1) we get,
WY —0 5 Ll Lo S S x{t]:-A—t
0-A 0-T -A -T 2 B
Sut) = o : fort = 0toT
T
Evaluation of a,
T T T
2 2 r A — 2A
= = £ [ Ztdt = = |tdt
- 2A f. = .2.'5.. ._i - D:I = A
ol T4 2
Evaluation ofa,
e Tty T
I 2 | 2A [ { cosnt it
a, = ijmcmmutdt=;F‘I'——-Gﬂﬁﬂnotm'?‘fj .
T .
T Juv = U_[V Fos J duj'v
2A | fsinnQgt | _[1 . | &inn t]dt u=t |v=cosnQt
. TI'T nel, ngl, eyt
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T
.30 / 2; 2n
ﬁ—- T LA t sinn ot cosn—Tt &
= osni,l o=y — 5 {8 =—
A sinnil ! _C — ] = 2 2n 2 4n L
a = -2— == = I"I?SIF; ¥ n ] B
nT T2 nidy 0 T T o
2n Chady | in0 cos0 :
Tsinn_ T COBN-2 0 x sint = sin0=q
AN e § - = 2n o 4 COs 07
= F-,. nz.ﬂ l"|2 41'[_ n T— n TZ e
T T
= 2
2 T
2A [ T2 ginnzn + 2 ; cosnzr - 0 = W]
= 37 | 2mn 4n’n

3 2
24 ;i [ -
= e— [0 + 4”21[2 4n2ﬂ2il

Evaluation of b,

2 At 2A t dt
b, = = I x(t) sinnQ) t dt = T j sinnQt dt = I t sinn€l,

?
£
_ 2A | [-cosnagt [ casrﬂa*]d, u=t [ v=
T ng,

o ]

-
2n b4
T =chissl il |
_2A tn::::lsn!.’l‘,t 4 sinnQt| _ 2A _tcasn Tt = sinn_l_t gﬂ=?|
.l nQ, rfo? | T net 2 4n”
T G
Tc T 2“T
S P il 2 0 x cos0 sin0 o~
# HE ngiﬁ I'IEI- =g 4n? =
T i = T T2
sinn2x=0
2A T> 2
=7 {——— cosn2n + 1; > sinn2x = cosn2n=1
I 4n"n nm | for integern
: A A
aa b -—— ' — . = A' . A
1 - b? 2]‘[ ’ h3 ———3— i b4 :_I_ Eﬂd S0 on.
Fourler Series %
———

The tngonometm: form of Fourier series of x(t] is given by,

x(t
( } 2 + Z a, Cmnﬂnt + 2 b“ sinnnot
Here, a =p ne=1

: a =
M) iy ETI:., sinnQ,t

a,
= 5 +bsinat 4 p
2 i 2 Bin2nﬂt +b
= it 5 by sindQut + ..,
2_;""90‘-_sinmt A A
IA SI 0 3“ Shmol - 2;:. s'““)ot s
= —2'- [ f'IQUI + Blnzflul

= Ta* S iy ]
“ LELET)
Determin
L%

half-wave rectifie
3 2t

Fiﬂ 4.9.1.
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Solution
" The signal shown in fig 4.9.1 is neither even nor odd.
_ 2.7 & 2 ! 2 1
a = T [xoa e =2 | xt)cosntat ; b, = 2 [ o sinna
I.‘ 1]
The mathematical equation representing hall-wave rectified output Is, :
x(t) = AsinQgt | fort = '310%
=0 . fort = L toT
2
Evaluation of a,
2} 2 2A - tnz
a, = — | x(thdt = = | AsinQ tdt = == | =
<o fomne- s
2n T
Al T —005—1 975 cosO n=2_rr
=3 2 + 2 =T
i | T
! a4 . L) cos0=1
e | e g il 1 =l
T-Encm“ 2 T[E" et 2] cos n=~1
_B2A T A
TT T ox
Evaluation ofa_
T 2 Ti2
a, = '.'2|.- J x(t) cosnQ tdt = = IAsinﬂﬂtcasnnotd‘L |2sin Acos B = sin(A + B) + sin(A- B)|
0 0 :
Ti2 1 5 T2
- j sin(Qgt + nQ,Y + sin(@et - N . A _Hsinh + N)Qt + sin(1 — n)Qt] at
Al 2 T %
Ti2 —cos(1 + n}-?Et cos(1 - n)a—“t g
A cos(1 + gt cos(l - n}nut] ok : : 2
" ' T
g e (1 + n)Qy (1 -nQ |, T [1+n]___r£ {1_n}"'r_
[ T 2n T
A —cos(1 + n Z?R_i cos(1 — n)— T 2_ cos0 i cos0 q, 2n
] T 2 2n »
T (1 + n}g_l_1I£ - n}w— 1+ ﬂ]-.rE L= "‘.'-T‘ X
-
AL T cosll +inls - ToosiEmie T Sgs ]
“T| T (1 +n2= (1 - n)2n (1+n2c (1 -n2e
= evaluated
The above expression fora_can be evaluated for all values of n exceptforn=1.Forn=1,a hastobe
n
separately as shown below. ﬁn T |

T

2 = st o
a = ;I_rfx(l}coanutm = = [ A sinagt cosly

B Sy

u \ cnai’itT %“2-}?'
o jom g [emm] 410
s = rep— T e ey
o b : T 008 An=1
0=1
A ST ol 533 ons
A T 4xT 1—{:@50]‘ _ﬁ[__—-q.-_-—]: g
= ?[-I:— oua—_—r—+ §pe TL 4n 4n .

—
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HEem ..'.'_:'
‘_«_g__’_’——’——"’_’_—-
Ay = 0 1 ﬂ)'ﬂ' A A fﬂrallne'c&m
. M 3" :
- Ao ':P - . :‘:ﬂ{ ny2n { (1 + n)2n (1 - ni2n 1
n {14 nygn i nn!“*n]ﬂ=‘1
mmmn(nnlsnd[n-nmrndd. cos (1 nn':: R
is even, A - ;
mnniﬁuﬂd Mwnﬂsrnﬂ'mnd{n--nmam. oo (1«
When n .
g =0 for odd values of n :
A‘ ' 'i'.'
B T 1 s men ! (1 - n)2n 1+ n2n
2 - e z:m %
e e L L ,
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/-"'—'—7 [ L T s
sin— - t an T
B A 1 i) _ AT s'"';tg sin0
T | TTlzamt -0+ g
n 4
T 0 . T T
= /A — 8in2n = E
2 n 2
oo A
. i = 2
e Asin(l —njn  Asin(1 + n)a
n (1 - ni2n 1+ n2n

For integer values of n, exceptwhenn=1,sin(1-n)x=0.
For integer values of n, sin(1 + njr=0.

- b_=0forall values of nexceptn =1,

Fourier Series
B The uigonnmetric form of Fourier series of x(t) is given by,
xt) = = + E a, cosn{;t + Z b, sinnQ,t
n=1

Here, a, exists only for even values of nand b_= 0 for all values of n except whenn = 1.

; = == a_cosnQ.t + b, sinnt
- Xt 3 +n=zmnn Q, z Q
= ?23 + a, cos2Q,t + a, cos4Qt + ag cos6Llt + 3, cos8Q,t + ... + b, sin€yt
A 2A 2A 2A 7 R
S = - —— €08 t———msaﬂut e+ — SINGY
=== o omil =t M e e O 2
A 2A cos2Q,t  cosdQt  cosBQt cos8Qt ]
=¥+T[_ iyl oY T 15 35 63
Example 4.10 x(t}l‘
Find the Fourier series of the signal shown in fig 4.10.1. AP

A
AR

Fig 4.10.1.

Whilion

The given signal has half-wave symmetry and so a, will be zero. :
The Fourier coefficients a, and b, will exist only for odd mtegﬁf values of n.

1
T 2
; £ | x(t) sinnQy,t dt
Lm0 ; 8= %Ix{l}cﬂsmo'd‘ B '! &
0

—

T
~2Find Mathematical Equation for x(t)

. y-¥ X=X
Consider the equation of straight ine, =~ = 3 x,

Here, y=x(1), x=t.
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i x(t) - X(t,) LS. ; "
- The equation of straight line can be written as, x(ty) - x(t,) t, -t w(1) 1
Consider points P and Q, as shown infig 1. o
Goordinates of point-P = [t,, x(t,)] = 0. 0] 1
T

Coordinates of point-Q = [t x(L)] = | = :
tion (1) we get.

On substituting the coordinates of PO'“‘EP and Q in equation (1) o o
t ol R v -|:‘>

x() -0 _t-0 XM _ = x(t) = g
sy ey ® L i .

0 - E 2 \'.-".

Consider points R and S, as shown in fig 1.

.
Coordinates of point-R = [t,, X(t,)] = {E' u]

Coordinates of point-S = [t,, x(t,)] = [T, —A]
On substituting the coordinates of points R and S in equation (1) we get,
T T

= t- — I
w-o0 Tz o 72 A _ 2., ,m-a-2 @8
0-(-A T _p A T A T T
2 2
Now the mathematical equation of the waveform is given by,
2At . T
x(f) = T ; fort=0 to E
2At ¥
=A- =i for t = > to T

Evaluation of a,
The given signal has half wave symmetry and so a,= 0.

The coefficient a, for a signal with half-wave symmetry is,

2 T

a, = T I x(t) cosnggt di
2
T

0
T2
, 2At :
iy " T cosntdt 4 2 } m
= 77 ) teosnQptat + _.. TR SRR e e G
2 “"”"""' 'ﬁ'i‘m»w 5
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varies Fourier Trans
_ Fourier ~"'"r“_“_ff’_"d____ nsform of ¢ .
. i-F == . —— _'f_ _""”’*__"'_"'I'!S Tima Signaly 135
! 4A | sinng 1Y ; B
. =11 [ sinng - -
%= ¥ | |y nil, J -[ B | n.l‘JJI!' ]ih\ p 2A | minniyt |
0 B I nty, |
aA | [ sinngy, | i -
T2 |1 2 |l ni o ] j 1 » [“I"”"-’-u' | !“\ | Juu ||!u ![fluiv]
] LNty
| " J 19 \ TR | v ow oo )
4A | tsinngat , ;
.. -[.l_' | - ) [ m.t.ms..l”‘l . 2A [ singyt |
| 0 n “n " | nel,
4A | tsinnQt cosngl | I
i ney, Lonfye ]
13
| T . 2= T 2n’T
sinn cosn Zn
4A | - S 1 SR T2 0 = sin0 cos \U T |I
1= 2 o dn® 2n 2 :
n : n 2 4n
T T T n T
ann 2T o 2n T 8in0=0 |
2A T
g | A = L cos =1
T o 2n 2n .
T T
. 2R 2n T n2e T n2e T
Tsinn—T cosn sin cos
P 2N A Tolhaile, & Wt 21
T2 2n 4n® 2n g dn
n s n n
T n T? T T= J
A A A g A [For integer n
— I e e — sinn2n - — sinnn :
ol sinnz + —5- b T e R sinne=0
oA A I A gsinn2r=0
_ 22 sinn2r - — cosn2x + — sinnx + —— cosn cos n2r = 1
nem nn n'n

nn

A
A A e LD e T s oo
0+ n°n? - T n®n’ e n‘n? n‘n*

2A A o Sy cosnm — 1
= < cosnm — FI-I'E g = ( )

When n is even integer, cos nm=+1

When nis odd integer, cos nr=-1
na,=0 for even integer values of n

An for odd integer values of n

“ant
4A
4A i B R and 0 on.
&=z i B gy W Fe
——— s
ymmatryia.

The coefficient b, for a signal with half wave §

2 T
= j x(t) sinnf2,t dt
0

! 2At
T2 2 2 ginnngt dt
by = 3 _! % sinntl, T :
1 A Nt dt
iy 2A f sionQotdt = 7 J 1sinn€dg
i

= 1—'21 Iisinn!lﬂtdt t T
Y]

- ——
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— T2 P f \
436 000 il 5.2 cusnﬂut]
—— \ cosniiol | —
4A ‘1 ) cosntl,l |' | / il ] : T nel, T
b = T° | nik, ) ’ <1 = oo
| uv - |...| J e
| [ _posnilyl I i [ cosnély! J dt ’ I ‘H' u_[vr
AM e i B nil, : U= \ -_—-_'_"'-\-\\‘
7" " * [ ntly " =t T‘smi1
sinntlp! L 2A cosnilpl
_ A | -t cosnily] [ 5 7 Y ntlg /2
72 nQp "o/l
1T
4A | -t cosntlgl [ __Si'_‘"!;ﬂ_']
12| ny 05 s
2n T
_T oosnZX sinn 0 » cos0 sin0
=37|"  2n 5 4n° nE= g an
ns P T T
2n 2n
b 0s N—
2A | cusnT T c T 2
R ¢ 2n 2n
T T
b 2n T 2n T -
Tcosn—T sinn—T — X COSN—— sinn——
AR T2 - T2 L&
Tof e A o n2 3%
T T2 T T?
A A
= —— COsSNT + —— sinnm — i cosn2m + i cosnm + E cosn2n
nr n°n nm nm nn
; A A
+ —— sinn2n - = cosnm + e sinnm Forintegern
=0 |
= -2 cosmm+0- A 2A oy
N ;;*“_C"S"f‘+—'+0~——cnsm:+0 sinn2n=0 |
A A i nm cosn2z=1
T e = o (1 - cosnr)
When n is even integer, cos nm= +1
When n is odd integer, cos nn= =1
bl'i =0 ' for evean *ntﬂgﬂr va!uuaofn.
= nx ¢ 'oroddinteger values of p,
tha B 2
al §x TR Bn and so on, :
famiorsarluoi‘it! |

The Fourier aorias of x[u is
X(t) = + a, o
?::1 O8N0t + Z b, sinng,t

Herea =0 ﬂﬂﬂmﬂF
ourler coefficients a lnd b, exist only for odd val
oK) = Z 8, cosniyt + Z b, sinne, i
= 8,0080t + a, om&u

t+
+ by ; ‘uﬂﬂlmut ¥

T Bt

'hn“t + by ﬂlﬂma’l

* by 3|ﬂ5i}at N e

Scanned with CamScanner

Scanned with CamScanner



Y

and Fourd
ourior Series er ﬂﬂﬂﬁw Stgnals 437

wt 4A 4
A
m - = cos )t 377 0SB0, - an

527 C085011

2A 2A
+ — 8in0,t ~ " g
,‘ ol + 3 5in30,1 +

2A
= sIN5C,t +

_ = B cosagt + 98305t cossny
, 2A Lsi"it 4 Sin3Qt L Sin50t
O e .. et oy
— 11 —— e s
grample 4-1- _ X
’f_pe'rerf""”e the expn_nenhal form of the Fourier
ries rgpresentation of the signal shown in fig 4.11.1, Hence A

ne the trigonometric form of Fourier series.

geterm

solution

Mnmemmical Equation for x(t)
,_,_.--—'—'_'_'_'_'_._._

-
ra|=
-

Consider the equation of straight line, Y= Y1 _ X = X,
Yo - Y2 Xy — X,

Here, y¥=x(t), x=1

. The equation of straight line can be written as, — = X(t) _ t -t .
H{t‘:l et x(‘g) t1 - ‘E .....

Consider points P, Q and R as shown in fig 1.

Coordinates of point-P = [t, x(t,)] = [% u]

Coordinates of point-Q = [t,, x(t,)] = [0, A] x(t)
b , T
Coordinates of point-R = [t,, x(,)] = [E' 0] P
On substituting the coordinates of points P and Q in equation (1) we get, ‘% % :
T Fig 1
t+ — g i
X -0 _ 2 Xt _ =2t _ = A+ A
TR ot T
2
On substituting the coordinates of points Q and R in equation (1) we get,
Al ~A -t e E e S pR RS xn;=n-5ﬂ
A-0 G A T T
. T
LX) = A ¥ @ ; fort= -2 100
2At Bl
=A——T— . fﬂrt-—utﬂz
Saton ot
1 +T/2
Oy & = jx{t} @ 0! git
T
=Tf2
T2 1 'R
When n =0,¢ = 1 J';mg"dtu F Ilﬁ)dt
T TR
+T(2 2At
A R\ PR (a- %)e
=7 [‘“ L T '! X

~Ti2
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Evaluation of ¢ _

C,

1]

0 A ji di dl
A e tat 4
- T J.;-.:11 T it !
5 A T
A 0 2A t° "' [t]”
At 7 2],
? A
2A Ll
A T e 1 T
2A
A N A_A_B_ =
2 4 2 42

2
1 J x(t) e ™0 it

Ti2
Ti2

1
e ]

2A | I |
o
" 2 an {
> TT" .2 i
- 2
L {]J E--—?— l% - 0]
2 T
A_A
= A = E e 2

_ EAt —]nﬂgt dt
[‘“‘ T ]

TR

~Ha Tiz2 z.q Ti2
A I e—jnﬂut dt + 2A J te gl et 4 — J e ~inklgt dt — I te mntdt
—Ti2 -Tre
A [e_mm]ﬂ oA tB—Jnnul _[ o intlot ]ﬂ Iuv =
sl T EET i >
T T i, e o u=t
A —Jrﬂnl T/2 e - iRt s ~jné2gt Ti2
= T B RO
T —jnQ, 2 mjnﬂa j X -]nﬂ,:r
= & . T,
T {e mm] + 2 [‘ = = e - A o™ i
—j 2 | 3 =
o 12 | ¥ <, [‘-lnﬂn)z T T | —InQ,
2A {te"mﬂ' -pagt 12
T 5 -
T jngy, (~jnQ }2
0 ! h[_IJ 2z T
212 0. ) 2A0 x of e’ Ta_mT_E]
| v e e =+ +
T T =in— ..ﬂzi',t__ 2 - EE
T |
" 2T 2
e T2 0 gxT
* T om B T e
ot R o W T i ey < s
T =in— 2 4 —jn
T T T
A A ghn
2rn " jeng 0*‘5.,1;5-5-?'-__‘*"“_10.5"‘
i Ienm - 2nn
A A gz
e A TS A
mﬂ h‘lﬂ m‘ ~ 0 + m
A A" pgm -
PPxt . 2nPE. Y
L =
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m

g'™ = cosnm 1 jsinnn
= +1 D=1 for even n
= -1 +j0= -1 foroddn,
unen nis even,
AT A A A A
Gy = I"I?."[; 211“\1'58 2!‘1?.1"! 2 r'l_FT'[;T ) n_?ﬂi =0
WHEﬂ”iSOdd'
" ner” n°n 2n°m n’r’ "r? el
2A 2A 2A
G, 3.2 - 2.2 c, =
(-1)°n “n 1l
2A _ 2A 2A
2A _ 2A 2A
s = Ore & %" B
and 50 on and so on

gxponential Form of Fourier Series
Exponential POrT = =

The exponential form of Fourier series is,

+& . i = [
x) = Y c,e"™ = 3 c,e™ 4+ ¥ G A

n= —w n=—a n=1

Herec_exist only for odd values of n.

[ i

Lxt)= ) cee™ 4o+ Y o™
- negative n = pasilive
e oo odd integer

A 2A gt
oA 2A o 2A ;g By 0 ak
x(t) = ... e s Z i ol
i 2A  pagt gt 4 ..
3 5 n
> 1 oot Lo
(T o g o)
s
1 jsag
+Eﬂ; _lem¢+_12_eﬂﬂn¢+ BJD.', ..... )
at \ P 3
Tigonometric Form of Fourier Series

below.
The trigonometric form of Fourier series can pe obtained as shown !

1 1 st
. 1 (a0t e-}aﬂo1]+ (ai‘“ﬂ + @ )+ ..... ]
A 2A | 1 i kot e + —_
=g [l )+ 7 5
1
1 b t+‘....]
ey, __i‘:* [{Enmnut v o5 2008301 + 7 2 00850 o ,—w\
: cosfit . ocosdngt . ooeSRl ] \°°‘“=—-2
:ﬂq.ﬁ[,_.‘—lpl—d- 32 + 52
-\-______-_— 2 ﬂz f______—_-____________—-——
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Example  4.12

i ries
exponential form of the Fourier &

Determine the »
fig4.12.1. Hence determin

representation of the signal shown in
the trigonometric form of Fourier series.

Solution Fig 4.12.1. |
'I_'o Find Mathematical Equation for x(t)
. X — Xy

— Sl s T
Consider the equation of straight line, ;T Vs X, = Xg

Here, y=x{t), x=L

| A - o Ao b
-, The equation of straight line can be written as, X(t,) — xt;) et ST 0
Consider points P and Q, as shown in fig 1.
Coordinates of point-P = [t,, x(t,)] = [0, 0]
Coordinates of point-Q = [t,, x(t,)] = [T, A]
On substituting the coordinates of points P and Q in equation (1) we get,

() -0 _t-0 xt) _ ot t=ﬂ
e A B o i e

St = “:—1 i fort=0t0T

Evaluation of ¢ 2
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_ fourier Series and Fourler Transform of Conii
| T 7 Contntos i s £
e B o
Jen R2n
= A A
s 2 = jd.‘l’ CP = _J‘d_ﬂ
A
gy 1 LY
IB.I ! Eﬂ
and so on. and so an,
tial Form of Fourier Series
PO

The exponential form of Fourier series is,

n

e 1
= gt _ { =
x(t) = Z c, e Z G, e 4o Z c. ghtint
N i G n
=1

— SR c_, 0 P ~i20g i
-3 R c.e + C_, et | Cy + ¢, gilot ¢, gl c, et L
_ -jangt A — {20t A .
= e + — @ + — g @0t g1 A A
6 * E e e Hipt
jen j4n j2n 2 _-jzn 8
- A gpan _ A /30t
jan i
A g ot 241t -t o
- ol B + 5 P . j|+ A A [ gfol al2fot gttt
R 5 I et e U
! 2 1 2 j2re | 1 2 3 ¥

Trigonometric Form of Fourier Series

The trigonometric form of Fourier series can be obtained as shown below.

. ﬂ B _A_ l[eﬂon -‘e'p“' 3 1 @Rt _ o-ag . l @it _ o -iang!

_ A _ A [sinQgt sin20)t sin30),t :
B = 2 = [ - + S 4 ?;Q'" +] sinB = E'E‘_;ia_"
4.9 Fourier Transform
49.1 Development of Fourier Transform From Fourier Series
The exponential form of Fourier series representation of a periodic signal is given by,
X = 3 ocaOR s, S LS I R R U (4.29)
1 B 43
‘Whem‘ c, = -.'f Ix(t) e—jﬂﬂul P e L TR e ( 30)
—T2

In the anie{' representation using equation (4.29), the c for various values of n are the spectral

F%ms_ Ofﬂm signal x(t), located at intervals of fundamental frequency Q. Therefore the frequency
Ptum is discrete in nature. :

F%The Fourier Tepresentation of a signal using equétion (4.29) is applicable for periodic signals. For

iy, = on of non-periodic signals, let'us consider that the fundamental period tends to

%v th:ﬁ..mm period tends to infinity, the fundamental frequency €, tends to zero or

doge tn;:m' Since fundamental frequency €, is very small, the spectral components will lie very

other and so the frequency spectrum becomes continuous.

k
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Signals & Systom,
e e p——

. ; sl i 1 ' 4 12 A B =1 5 ® - = ;
In order to obtain the Fourier 1'L‘|H'o.'.w'L'l11il“'-‘” ol a non |1:_1111{1IL. hlg,lldl let us consider llm1 [hL'

fundamental frequency € is very small.

442

Let, Q — AQ

29) we gel,

On replacing €, by AQ equation (4.2

SH' Lo indddt
{ — y . G
x(1) 2

n

n

On substituting for ¢_in the above equation from equation (4.30) (by taking T as dummy Variah|e

for integration) we get,

/2
e 1 inAL2T ||u‘LI1! A 3]
x(t) = — |x(t)e dr] (431)
i)
T 1 Q,
We know that, Q, = 2nE, =T : 2
1. &G M .onee oMt o 0 e
Since Q, —» AQ, ?=E (4.3)

On substituting for —

from equation (4.32) in equation (4.31) we get,

(1) = i il Tx(ﬂ:) R AR i zj(t) g 9 gr | ™™ AQ
x®) 2n 2n f
n—ad <" 72 = /2

For non-periodic signals, the fundamental period T tends to infinity. On letting limit T tends
infinity in the above equation we get,

T2

x(t) = Lt — Z Ix(r) el d{| ™M AQ

-T2

WhenT — = ;

1
X{U = 2—

1
271'

where, X(jC) = j x(t) e " gy = Ix(t) e gy

The equation (4.34) is Fourier transfhnn of x(t) and equation (4.33) is inverse

of x(t).

Since the equation (4.34) extracts the frequency components of the signal, transformat
equation (4. 34) is also called analysis of the signal x(t). Since the equation (4.33) combine
components of the signal, the inverse transformation using equation (4.33) is also called syn

signal x(t).

AQ - Q)

T
{ “'x(t} e gr

-

|
i

} ™ dQ

-0

X(j€) e dQ

+i

a0

on using |

s the ﬁ-equﬁlﬂ i
thesis °f ‘h’
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Chapter 4 - Fourier Series and Fourier Transform of Continuous Time Signals 4.43

Definition of Fourier Transform

Let, x(t)= Continuous time signal

X(j€) = Fourier transform of x(t)

The Fourier transform of continuous time signal, x(t) is defined as

X(jQ) = j x(t) e 5% dt

—m

Also, X(j€2) is denoted as F{x(t)} where "F" is the symbol used to denote the Fourier transform
operatmn

a0

L Fx@) = X(GQ) = _[ et A S o Bt o i (4.35)

Note : Sometimes the Fourier transform is expressed as a function of cyclic frequency F, rather than
radian frequency f The Fourier transform as a function of cyclic frequency F, is defined as,

X(F) = _[x(r) eI gy

Condition for Existence of Fourier Transform

The Fourier transform of x(t) exists if it satisfies the following Dirichlet condition.

1. The x(t) be absolutely integrable.

ie., I x(t)dt < 5

s}

2. The x(t) should have a finite number of maxima and minima within any finite interval.

3. The x(t) can have a finite number of discontinuities within any interval.

Definition of Inverse Fourier Transform

The inverse Fourier transform of X(jQ) is defined as,

ot = FHXG} = = IXUQJ ™ dQ

urier transform pair and can be expressed as m

.(436)

The signals x(t) and X(j€2) are called Fo
below,

W == X

[Note : When Fourier transform is expressed as a function of cyclic frequency F, the inverse ! i--“,g;_-__‘;', f 4 i

transform is defined as,

x(t) = F' [ XGF)} = onF) e dF

4.9.2 Frequency Spectrum Using Fourhf m:.rm
The X(jQ) is a complex function of Q. Hence it can be expressed

imaginary part as shown below.

Scanned with CamScanner

Scanned with CamScanner



4.44 Signals &&ﬂm
- X)) = X 08 iX, 092

where, X (J€2) = Real part of X(j€2) :

X,00) = Imaginary part of X()€2)

The magnitude of X(j€2) is called Mugmmde spec!rum

\ Magnitude spectrum, }XQH}] \/_X (]El) + X (Jﬂ) e (43)

(or)

e

Magnitude spectrum, }XUQ}{ w SR e e, (4.38)
where, X' (j©2) = Conjugate of X(GQ)

The phase of X(j€2) is called Phase spectrum.
- X0 l ..... (4.39)

. Phase spectrum, £X(jQ) = tan = ———"—=
g . X, ()

trum will always have even symmetry and phase spectrum will have odd

The magnitude spec .
uency spectrum. $

symmetry. The magnitude and phase spectrum together called freq
4.0 Properties of Fourier Transform

1. Linearity
Let, Flx,(0} = X,(iQ) ; F{x 0} = X(D
The linearity property of Fourier transform says that,
Fia, x,(t) + az xz(t)} = al X, + a, X,(€Y)

Brdeﬂnﬂinndfauﬂsmqnsfmm,

BCE

X = I xhe”d a znm'"- me dr}??:'

cﬂmmmmqu‘mmﬂm mmmmmamm“ﬁ

ﬁx,m'r"‘d: + [u x,fie b,

Floxlt + o, "ﬁm} > J ['5'1 "im + ﬁ}l‘qlﬂj ll““t di' = j

- ﬂu"nﬂ . G,W-

The time shifting property of Fourier transform says that,
If F{x(t)} = X(i€2) then
Fx(t-t,)} = & eX(Q)
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y Fourier Series and Fourier Transform

%—7_

of Continuous Time Signals
e —— .

By definition of Fourier transtorm,

4

F{x} = XiQ) = [ xihe ®

"F{![T } i tI:Ilb} - I K{T h 1U1B Kt dT = ‘j )q-l—'l e ¥ 1 l|md

L
4o
o
+x
|

| = aMo j xif e ™ df = KMo XiiQ2)

—a

-

163 :
P’.Il’i a " w e Ky dr = @ g j' Xt @ e o

On differentiating
di=dr |

Since t is a dummy
variable for ingefration
we

can change tlot,

3 Time scaling
The time scaling property of Fourier transform says that,
IfF{x(} = X(jQ) then

Fix(@)} = ﬁqx(g)

e

FJsing equation [4.41ﬂ

By definition of Fourier transform,

Fixit} = Xl

Txﬂl e ™ dt

e
- Fixiatl}

Tllul}e'““dl = T?ﬁﬂe

%
i 1Pm‘ at=7 ; ~t= = dt
a

5

T 1
= . jx('tl e_}[‘i"]}‘ dr = = X(E;—]

u "
-Iheahovatmnsformisupplkubla'fm pusiﬁuemlms:mu :
E'n‘huppansmheneguﬁveﬂmnﬂcmbepmvad :

1
Fixlat) = 'E"(-)
~ Henceingeneral,

3 y fl "
Fixiath = ﬁx(l‘:-) for both positive and negative values ot -0

i

M e ey

i A8k
The ferm j"lﬂ“- dijs

similar to the form of Fourier
transform except that Q is
replaced by (%) -
S ay,

Ix!'c]n a{“] dr = K{%}
l_ L

4. Time reversal

The time reversal property of Fourier transform says that,
If Fi{x(t)} = X(jQ) then
F {x(-0} = X(-jD)

A e [ IS
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4.46 %ﬂ ﬁn
5. Conjugation

The conjugation property of Fourier transform says that, *
If F{x()} = X(j€2) then |

F{x' (0} = X'(-i

TN By anuurbr!ra:sfum

e e e et
i e 1 A
Eﬁ*ﬁr{ s f{“’ﬂi} = [x'metd The ferm, | e 1 “,3
ea 3 2 is similarto ‘the form of Fourier ransform ||
e S [ [amear| = | [rmetMd except that Qis replaced by —0 1+ ||

i, y — 0 ; Sl I gﬂ"‘:“}d{ ’,._x(:- p}
=[x = X"(H9) B SR

ﬁ‘.- Frequemy shifting
The frequency shifting property of Fourier transform says that,

If F{x(®)} = X(jQ) then
F{™ x(0} = XG(Q- Q)

s i TE

Iﬁu- muﬂan‘a n .
Thediﬁamﬁaﬁonpmpmﬁmeﬂetmﬁformsaysthm,ﬁ
If F{x(t)} = X(jQ) then

e

FlSnof =jaxgm e

el TR
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Mﬂ Series and Fourier Transform ——G{EEM Signals 4.47
//d—_ P -
; .F{Et.x{ﬂ} = [e K xﬂ:l]_T = :[[-iﬁ'le“" 1) dt UW = ujv _J' [duj\']

e Xw) - e*~ X|—oo) + 1] T () @k dt F—HTJ_O
£ e =

2 [ xi e d = jaxgo)

[Using equation (4.42)

_,,.-f"'——-———-—.
g Time integration

The integration property of Fourier transform says that,
If F{x(t)} = X(jQ) and X(0) = 0 then
T j. x(t)dr; = _LXUQ}
1Q

-

— proof:
Consider a confinuous fime signal x(t). Let X{j be Fourier fransform of x{i). Since integration and differentiation
are inverse operations, x(t) can be expressed as shown below.

1
%[jxm dr] = xit
On faking Fourier transform of the above equation we get,

¥ %U:ﬂtl dt] = F{xih}

—a

o t Using time dlﬂeremiuﬂﬂ
Tt g ‘F[Iﬂﬂdt} = F{xi} ~ |property of Fourier transform.
B e P} = X

9. Frequency differentiation

er ﬁ‘aﬂsform says that:

The frequency differentiation property of Fouri
If Fi{x(t)} = X(jQ), then
L
Fltx(t)} = JEX(JQ)
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4.48 — o — !

e —— _1--—I* g _-_‘_‘_‘_"‘— \
d .. ca gt = o [ (rxin)e ™ dt
= x(Q) = [ xm(-re™)d = )1
dQ [I ] j [ ! | j \
, Using definition of
St Fourier fransform

-—x )
dn (i) e A b s it

]

L Ft xil}}

10. C nm'ofminn l‘hmr_'fm

The convolution theorem of Fourier (ransform says that, Fourier tr;msﬁ}rim of convolution of ty,
ividual signals.
signals is given by the product of the Fourier transform of the individual sig

ie., if Fix, (0} = X,0€) and Fix, (0} = X,06) then,

Fix,(0) *x,(O} = X (€) X,06D R S
The equation (4.43) is also known a. convolution property of Fourier transforr.

With reference to chapter-2, section -2.9 we get,

X, (1) * X, () = Ix,(t) x,(t — 7) dt ...(4.44)

=0

where 1 is a dummy variable used for integration.

Letx/[f) and x,{f) be two time domain signuls Now, by definition of Fourier transform,
x,@:l} = Fixit} = jx,lﬂ e ' dt : . - ...4.45}
Xo(i0) = Fhelt) = szm_e*“dt SRR e a4
m\gdehiﬁonof&uﬁeﬂmmfwnwemnwme

Flaft+ x,f1) = j[x.mwzﬂ]a""“w
| {I xi_{;l'igjtt!.-,ﬂ'{'ﬂf]'@fdt e R

lel, e = € g x g = ook x gl-y o e'nxi-iﬂ; : Ve A48
where, M =1-1 and so, dM = dt Eaie e )

s |

Uﬁ:cmﬂdslandwmﬂuoqummnluﬂcunb@wﬂﬂanm L abiis - |
f{m"";ﬁ} . T Tz.ld x,IMl ot n"““dsm | o

Themfmeqmﬂonﬂimmhmm; |

F{x ) * xzﬂl} = jmﬂl 5'“ ﬂ' * T)&
= ;(iﬂ)xz{lﬂ}
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Series and
4 - Fourter Fourier Transform of Continuous Time Signals L2
5: i H""i'" ency conv nfmfmn

T L F{O} = XGD) ¢ Fix,0) = X, (o)

squency convolution proper
The freq 3 l perty ol Fourier transform says tat,

}\_qt}\ l[l‘}L - j"\(u"h\{ﬂu Ay da

7 e
_ By definition of Fourier transform,

F{xtl} = XiQ) = [ xi) e o

-
l=ga

L Fxix) = [ xix,0 e o

(B e A e T TR e I S S S [4.51)
By the definition of inverse Fourier transform we get,
= 4o s
sttt o e J Mis 0 _-.rr j A et SRR BT Y 4.52)
l=—x A mm=on = r
bstituting for X [t frum fi ; Here (} is the vairable
On sul g X:IL. 1et:zcjﬂlon (4.52) in equation (4.51) we get, e o Raaon.
T{xﬁtlxzm} = J' [E{ j X, (i) " dk} X,t) e dt Let us change © fol.
t==a PO
h=sm M=t :
1 : 4 Interchanging the
h=—x Li=-m t=tat
.I =+m =t The IEHT‘L J H[ﬂ ,E—ID“M' at
E f=—x
=5 | x| [ xmete df] dA s similarto the form of Fourier fransform
. _T=—=ﬂ

T=bx

except that Q is replaced by Q- 1.
] X, (in) X, i~ dh I Jlxgm e hO-Mgt = x,z(gn_mJ

1=—m

12. Parseval’s relation

The Parseval's relation says that,

If F{x(t)} =X(j€2) then

o 1 +a :
[ xoF @ = —— [ IXGOF

Let xii] be a confinuous time signal and X'lf) be conjugate of xif).

Now, Ixftli? = xitlx'(h
unmmmemmmmmmﬂwmm

| T Xt ot = Tmnrm# 1 i . 4.53)

§ =

1
f=-=

- Sydaﬁnﬂlan dmwmﬂ- we can write,

Mz

= =T4{m} o __.,.. Ixm‘ﬂa’udﬂ
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4.50

Signals & Systems

On faking conjugate of the above equation we get,
' =
it j X' (i) e ¥ dO
|| 2n I

f' Us.ing equation (4.54) the equcriian [4.53]) can be written as,

|'
flxnu?dr = jxm[ jx* (i) e ' do Jr.ﬂ

i 1=—a

LO=+uw =+x
. &J" J' [ [ xtn e mJ do
1 Q=+n
o X“(i2) X(ic2) dC2
f=+m

7 2
= J' IX()? do

[m=cx

order of integration. |

Using definition of
Fourier fransform.

----- (4.54)

Interchanging Th—|-

X X = X

Note : The term | X(j2) * represents the distribution of energy as function of 2 and so it is called

energy density spectrum or energy spectral density of the signal x(1).
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4.52 Transform
—  tics of Fourier :
Mol 43+ PH2 . lmmﬂm:}'r ":mn Cpix () - X080 !
Let. Fix) = X - Fix, { it [ Frequency dumaln 5 . i
— Time domain signal 5 ; anal
Fmp_ﬂh A a, hS!} 2,X nnj
8 _l:midﬁ_i\ - ot t) e i X(i U‘.j
| Time hhl“ll‘lb : 2 ' L X{ o J
em——— at) o S
Time scaling - ?'.;{ - - i
I cisioiaimsns AN () Xf _]ﬂj
e S s rress . XU
- & I e — e e —
| it X(j(€2 - f%,)]
| Frequency shifting e x(1) - =
= 4 x(1) €2 X(32)
Time differentiation [0 S
[ T t X)) _ R
. J x(t) dr —— = nX(0) &0
Time integration J jQ
Frequency differentiation tx(t) Jaa X(Q)
Time convolution X ()*x,(t) = .[ X, (0) X, (t= wiie X1UQ) Xz(jﬂ)
F 1 Ro=da
Frequency convolution X, (1) x,(1) 2— I X, (M X, (ja-1)) dr
(or Multiplication) e LR
Xy = X.Uﬂ}
s LX) = —£Xi-$
Symmetry of real signals x(t) is real Re(X(i€1)] = Re{X{-j)
Im{X(jE)} = - Im{X(-j2) .
Real and even X(1) is real : s
= ) 1s real and even X(jQ)arerealandeven
Real and odd x(t) is real and odd X(j€2) are imaginary %
If x0)=X3GQ [i.e., x,(t) and X, (j€) are similar functions]
then X,() =27 (5J2)  [i.e..X,(j2) and 2nx, (-€2) are Wﬂ
Area under a frequency 42 ;
domain signal - IXUQ} dQ = 2x x(0)
Area under a time 't !
domain signal IX(t}dt = X(0)
. - ) — __4_/'-’5:-/ E
Energy in time domain s, Energy in frequency domain ! -
+an 2
Parseval's relation E= j |x(t)]1dt E= 3 ﬁxﬁn}fdﬂ |
T T ——— 2M .
- 2n J ’
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& Fourier Series and Fourier Transform o

4.53

)f Continuous 1y
W me Signals
 Fouie Transform of Some Important Signals

— ¢ Transform of Unit Impulse Signal

F.“'Ilﬂ .
The impulse signal is defined as,

x(t) = 8(t) = ¢ t=0 and J-:‘S(l] dt = |
=0 ; t=#0

By definition of Fourier transform,

430

J

—a

X(Q) = | x® e dt = | 80 e a

=1xe =1
t=0

= 1l xe

—j(ll‘

o(t) exists only for t = DI

The plot of impulse signal and its magnitude spectrum are shown in fig 4.18 and fig 4.19 respectively.

X0t XGQ| =1

xl:t) &
x(t) = &(t)

1

-

Fig 4.18 : Impulse signal.

; t Fig 4.19 :

Q

Magnitude spectrum of
impulse signal.

Fourier Transform of Single Sided Exponential Signal

The single sided exponential signal is defined as,
x(t) = Ae™ ; fort 20

By definition of Fourier transform,

+30

. i —at —jiH
X(jQ) = [ x(ye ™ dt = Jdeteto
]

0

Ae __,_"?"_{}.-—] = A.
g[%an‘ﬂ) Near - erd

5
L|FlAe™ u(t)}ﬂ

_:D e_{“.jn:“ +o0
= jAc-—{aﬂﬁ}l dt = m
0
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and 1ts

SM & 3}% ;f:

magnitude

43¢ /,///;cct/rm:ﬂ_f:"mwn in fig 4m
.‘_"|

I'he plot of p\lmnvlllinl signal

respectn L‘|}
X
A

o

Fig 4.20: Single sided exponential

signal.

Fourier Transform of Double Sidﬂwﬁﬂ

Ae"ult

_
i

XGt  xGey = A f
) a’ 4 gy
I ...
0 [§]

Fig4.21: Magnitude spectrum of single
sided exponential signal.

The double sided exponential signal is defined as,

x() = Ae™ ; for all t
Cox(t) = Ae™ ;fort
=Ae" ;fort

By definition of Fourier transform,

—ooto0
Oto +

B o] 0 +c:} )
X(jQ) = jxm e i gt = J' Ae"e®dt + | Ae™ e ™ dt
- —0 0
0 % -A (a—j . A ~a+jn |
= I A M gt + J Attty o JO8, 5 P
= 5 8= —(a + jQ) ;
_ A Ae™ Ae™ Ae’ A A
P = . + = — = - .
a-jQ a-jQ  —Ha+jQ) —a + jQ) a—-jQ a+jQ
- A@+Q) +A@-Q) | 2aA =0
(@ -jQ) @+ jQ) a? + Q (atb)(a-b) = a>-b* | =1
2| Flae ) = 284 1
{ } al + 02 (9 )

The plot of double sided exponential

fig 4.23 respectively.

signal and its magnitude spectrum are shown in fig 422 and

x(t)
X(t)=A e - \ 2aA
@ X@a e i A
) X (i) T, o
g LA R ]
a
. t
Fig 4.22 : Double sided : Q
exponential signal, Fig 4.23 ;: Magnitude spectrum of double
sided exponential signal.
_—_l_—_-__‘_-_‘_'_—
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M Traﬂﬁfnrm of a Constant
oA

e A. where A 1s a constant.

Llﬁ» x[ﬂ =

If gefinition of Fourier transform is directly applied, the constant will not satisfy the condition,

J lx{tﬂ dt < =

ence the constant can be viewed as a double sided exponential with limit "a" tends to 0 as shown

H

jow-
2 Letx,(1) = Double sided exponential signal.
1

The double sided exponential signal is defined as,
K|(t) =AM

ie xl(t)=Ae“‘ . for t=—xto 0
: =Ae™ ; fort=0 to +w

3 — t
5 ox(@) = A Lt X, ()
On taking Fourier transform of the above equation we get,

4 Fiy = F{ Lt 0]
Fix(O) - Lt Flx®)

a—0

[Fix®} = XG9) | Fix,0} = X, (9|

Using equation (4.57)

x(jQ) = Lt [X,(9)]

= It
a—=0 Qz + a

is 0 for all values of Q except at Q= 0.
nts an impulse of magnitude "kK".

2

The above equation
At Q= 0, the above equation represe

L XGQ =k Y Q=0

= - Q=0
below.
The magnitude "k" can be evaluated as shown
x 1
T2 _s-2fgra®
& j Q: +a’ ) Q
L e
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Signals ¢

4.56 ¥
are shown in fig 4.24 and fig 4,25 s Jomy
C

i » gpectrum :
The plot of constant and its magnitude SJ twel}.

X<l ;
M = A XUDI=2mA g f
. InA B(C))
| -
e " Q

Fig 4.24 : Constant. Fig 4.25 : Magnitude spectrum of congyg,

Fourier Transform of Signum Function

The signum function is defined as,

X()=sgn(t)= 1 ; t=0
t<0

The signum function can be expressed as a sum of two one sided exponential signal ang taking

limit "a" tends to 0 as shown below.

- sga(t) = Lt [e™ u() - & u(—t)]
X(t) = sgn(t) = Ltu [e'“ u(t) — e u{—t)]
By definition of Fourier transform,
X(Q) = jx(t) e dr= [ If [e®u() - e u(=t)] e g
0 0
o —o
[ 0 b
= 2 I;to J. c—{i *jnjl dt e I E'H:a-'_i-n)'l dt o
L0 -
[ :
=kt [e oI al® = it
a—rﬂ- ~(a + j) {a‘jﬁ:l
- Tt i e’ 0
a=» 0 T = e———— e e
_{'a E n it . To— A | ———
. ) (a + j€2) a - jQ aﬂj.Q:l .
= Lt I | ] ] 1
a0 : T ——— I 2
a+ i S = Fo—=
L&) a-jh 0 iQ iQ |

- |F{sgn(t)} = }%
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AP, P g MO,

22 el LN T 25 5 1 A 0 g b S, R

s and Fourier
' Series and Fou Transform of Continuous Time Signals o

Wr! Transform of Gontinuous rim
f signum function and its mawn:
mg 'S Magnitude spectrum are shown in fig 4.26 and fig 4.27
vely:
rfSFchve ) x(1) T O=+1 ; (=0
' =1 1 1=0 2
e XLy ; =i &
1 | 1 I|X[iﬂ.||| o)
— .
a— r; 1
.___.--—1
T
6 : Signum function. Fig 4.27 : Magnitude spectrum of signum function.

Fig 4.2

_i;-;_.;s_fnrm of Unit Step Signal

pourier
The unit step signal is defined as,

u®)=1 ; t20
=0 ; t<0

1
If can be proved that, sgn(t) =2u(t) -1 = u(t) = > [1 + sgn(t)]
1
S ox() = u(t) = = [1 + sgn(t)]
On taking Fourier transform of the above equation we get,

F{x®)} = ’P{-;— 1+ sgn(t)]}

1 1 1
L XYy = T{%} + '}-‘{E sgn(t}} g F{l} + 5 F {sgn(t)}

Using equations
l el *ia 4.58) and (4.59)
N ..... (4.60)
1
- | Flut)} = ndQ) * H Her
tespect ' in fig 4.28 and fig 4.
The plot of unit step signal and its magnitude spectrum are shown l
| : . X = W@ + §
2 XG4
= =1 2 tel : .-\:
x(©)4 x(t)-U(t)=[: i 5
*I
1 —————
e —h
0 : .
: __-: Fig4.29: Magnitude spectrum of unit step signal.

- Fig4.28 ; Unit step signak
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4 - Fourier Saries and Fourler Transform of Continuous Time Signals 459
% of Sinusoidal Signal —_—
url e e
fo = sinusoidal signal is defined as.
. A - ' if - j@
f) = AsinQ,t = — (et _ -0 : e ~ &
x(1) v 2j (e ¢ ) sinh = —-—"2j

on taking Fourier transform we get,

4.61) and (4.62).
A, .
. 2r8(Q-0,)-2r3(Q+0,)]- AT“ [3(2-0,)-5(2+0,)]

A g
-F{x{t)} = ']:'{,__. (emnt — p it } ~ "j‘_ Flefortl _ F gt Ugingcquations
2 ] ] [ {{.‘ } {e }] li

'fF{A Sinﬂut} = % [5(9 - Q) - 3(Q + nn)]

The plot of sinusoidal signal and its spectrum are shown in fig 4.34 and fig 4.35.
X(Ot  x(j) = An 3Q-Q) - A HQHQ)
AT f(n—ﬂu}

A /\ R - i
V/\M.-_\/ T [ | o8

~ATS(Q+Q)
Fig 4.35 : Spectrum of sinusoidal signal.

x(t)

Fig 4.34 : Sinusoidal signal.

Fourier Transform of Cosinusoidal Signal

The cosinusoidal signal is defined as,
ejﬂut = e_jnﬁ't)

g = — ——
Ccos 2

A
x(t) = AcosQyt = 5 (

On taking Fourier transform we get,
i A it —jEigt
‘F{x(t)} = 'F{f;—(e-"rnnt T E-mﬂt)}: _2_ [.F{ejﬂu} + "F{E j u}]

)+2m d(Q+ ﬂ.;.)] =An [5(9- -Q,)+3(Q+ QO)]

Using equations
(4.61) and (4.62).

A
= — )
: [Zﬂ 5o : ene(4.64)
| F{A cosQt} = AT [8(Q - Qo) * 8(Q + gﬂ)]l
spectrum are shown in fig 4.36 and fig 4.37.

: . : itude
The plot of cosinusoidal signal and its mees: XGQ) = Ar ¥Q-Q) + An HQQR)

Ar 8(Q-Q)

IXG
x(1) An 8(Q+Q)

J\V | V% —q, y Q, f

37: Magnitude spectrum of cosinusoidal signal.

] il
Fig 4.36 : Cosinusoidal signal. Fig
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Signaly 8 I

4.60 e eir Magnitude Spectrum %

Table 4.4 : Fourier '_Trimst‘t_lrm

of standard Higng_ls an

: x'[j“} and Magnitude Specirh}n

X
I x“!” - B Lt
x(1) = &(t-1)
IX(EI
x(1)
“
0 t % 2
ifted i signal
Shifted impulse signa s o
x(t) = e X(jQ) = 2md(82-€2)
m#é .
Complex plane XGQ)
bl 28(Q-Q))
o /!
Uthu‘clc—v!
\ /B l
Y 0 Q, 5
Complex exponential signal
x(t) = cosQqt X(jQ) = n8(Q-Q,)+5(Q+Q,)]

XG<)
m 3(Q+Q) n 8(Q-Q) _
'l |
_gn 0 Q, 0

X(jQ) = -"jE[a(n ~Q,)-3(Q+Q)]

X(jQ)
b3 E{f]-ﬂn)
._nn
l 0 Q, @
-1t 8((}+ﬂ°)
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4
o7 Continued-.
W x(t)

, — series and Fourier Transform of Continuoys Time Signals i
- ™ of Contimuons Thme sign ;

X(J€2) and Magnitude Spectrum

| X(j€2) = 2n(02)
x(t) &
| IX(6)|
1
- n BIEY)
v——'-__-'__-U {
g ___(jaisbju - - [ | E— —ﬁ \
ot = = —=1;t>0
x(t) = sgn(ﬂ It - X(jQ) = i \
=—] ;t< 0 10
x(Da )
X \
| 4 f—
— o % _/ \
-1 o _ﬁ
Signum signal
R
W=u®=1; t=0 X(jﬂ)=ﬁ5(§1)+-.1—
=0 t< 5
IXGe!
x(t)4
1 ——
o '’
Unit step signal
x(t) = e™* u(t)
x(t)

1

0 i

x(t) = t e u(t)
X(t)
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4.62 e

Table 4.4 : Continuch...

—_)E(j_ﬂ;"'d Magnituﬁ%—x 1

=l-%:t= 0 10 0

x(t)_ |
o ' X(jQ) =2 |
x(t)=e* : a’ + 0’
. N il B .
U =
XG
PRI =@ . O 3
Exponentially decaying cosinusoidal signal 0 0
,mQT
~RLLLY
7g s T, R s
X(j) =T ar
X4 3 s
X{t)ﬂ
1 e
T 0 t
Rectangular pulse
x()=1+%; t=-T 10 0

in QT

sin
o -1 T

27
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J Gf Cﬂ#“ﬁm Time SM 4.53
M‘J Contlﬂu“l B —— S A
: ]e _

“'"///xm e
X(j€2) and Magnitude Spectrum
g X(1) =[u(@ + %) - - )]
R
|
0,-&
Sinc pulse T2 2
P ——
] 2,2 gl
v x(t) = g X(jQ) = %E'tﬂl
204 XG4
----- Ir ...
Gaussian pulse [ 0 Q
s 2 [ 2m
x(t) = Zﬁ(t ~nT) X =— EZ;S[Q T ]
XGE)|
t
x(t) 3
1 T I I
Srzr T 0 T 2T I t = T Y K Tac it 3
Impulse train /I_J’///—
e
are made.
From table 4.4 the following hescratons se will be another Gaussian pulse.
sian pu
e Romtor exoutor o2 O3 will be another impulse train.
: ulse train
= Fouter irmnafon e e will be 8 sinc pulse and mccwﬁﬂ

rectangular puls
3. The Fourier transform of 2 £ 11 be a squared sinc pulse.

- angular pulse Wi :
4. The Fourier transform of 2 g pulse and vice-versa.

i ¢ will be an i
; *-.....____?_ The Fourier W |

———
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4.64

\%‘
Table 4.5 : Standard Fourier Tranform Pairs

T
x(t) - ‘
| , ]
o(t) B N l
a 1211 |
ot ) . -
where, A 1is constant
1
u(t) () + J_!'-:i
2
sgn(t) i0
LT
t u(t) (i)’
tn— 1 1
a1 (iQ)"
where,n = 1, 2, 3, .....
t" u(t) : n!m
where,n = 1,2, 3, ..... (1€2)
1
. 2+ a
1
o i Gavar
Ae ™ 2Aa
a’ + Q2
A 21A 5(Q - Q)
: n
it —j-[a(n -Q,)-8(Q+Q,)]
cos{),t . ? ﬂﬁ(ﬂ-gu)+5{g+no)] _
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s Fourier Series and Fourier Transf,

o - .'.JI ..

471

%Egaﬁﬁﬁumh

M‘_‘t‘j

petermine the Fourier transform of following conin
UOUS time

a)x(t)y=1-1 ., for|t| <1
) b) x(1) - g af o821 it

=0 . for |1I2'1

Solution
.]Glmm"m=1 -t for|t| <1
LX) =1-1; fort ==11041

By definition of Fourier transform,

+

Fix(t)} = Ix(t}e"“’ dt = :fn

i,

+1
—tﬁﬁ“:ﬂ: J’E,‘”dt
-1

orm
e = o Continugy, Time Signals

domain signals,

+1
- [eera
-1

a ! @ ka i |
= |— - |t = |- - '
[_jﬂ L [ 5 [ 2t T mL Juv = ufv - [uujvh
Pl t?e I 2
= - = el ~g2
- |, [ i ’ j Jte dl:[r
M-y " 2_-jn i i
ey [ -k %[t =l R dt][ Jov = o ol
L da 1
- . 1
&_“ tga‘_ i 2 { -jiH =y ]
Pl i S eIy [ + — —-te ™ + | " di
i |, [ i QP J }4
- B'n-' t2e M1 i{-ta‘“ " g M ]]1
g |l-—— —| —— - a2
| e ], 2 i KL
" o T gott 2AsH 29"“‘]1
< ) R AR A
L - . 24 in ¥} ¥
e & Sk Ei_ll»f“m*f_*zf; _%]
Rt B
; -ja 0 L 2e"
- Bp a,_p X 2&’1 A 2e __L_E.ai— jfr‘
= _L + -ia' + —'ﬁ- nﬂ ma ]ﬂ Q
o -eP e’ +o"
2 n _ .‘p} ginb = cos 0 =
2 (o 'iﬁ} + —7F (9 ! 2j B
R e™ + @
Brf 2
2
ot __azg_zmn + .ﬁ.s-zjslnn
4cosf) ph 48infl
Fa ke
"l a
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Signalg G'gfshms
(b) Given that, x(1)=e ™ cosyt u(t) T e
Since u(t)=1, for t=0, we can wrile,
x() =e™cos{igt ; for t=0 st
By definition of Fourier transform, {“"5 0=-2ter]

— 2

T

T{x{t]} iz J‘ x() e ™ dt = J‘ e cosﬂgta'l“’ dt = re ar(allmr ,._2? Iilar] o
- i] 0
__171 —at oWt i1 11 -al 11 1
- ‘!a e g gt 4+ E_a[e ' g Mot g It gy
L L RN
2 b[ e dt + —2- ! e 0 dt
1 o-1a - g + j 1 g lating+jm 7
Y T ;QJ: *3 ’:r[a ¥ + jﬂ]l
=1[ < . & [, 1] e ¢
2a-i+j) -+ 2|-(@+i2%+iQ) -@+i0, +j
1 1 J 1 [ 1 d
=o|0t ————|+ = |0+ ——
2 a-j,+||" 2 a+i+i0
ey 1
2 [(a ) -9, @+ jnJ [(a+b)(a-b) = &6 [F=
l{a+jﬂ]+jf2u+(a+jﬂj—iﬂo
2 (a +jQ) + Q}
Y240+ Kl = a + jQ
2@+ +0f  (a+jQf + Q2
Example 4.14
i : X(1)4
rmine the Fourier transform of the rectangular pulse shown in fig4.14.1. :
Solution
The mathematical equation of the rectangular pulse is, T 0 T
xt) =1 ’ fort= -Tto +T - :
By definition of Fﬁlﬁermﬂm' Flg 4.14.1.
- +T
’F{X{t)] = Ix([}a"ﬂdt = J‘1 x @ gt o g i T
A Lk ja : .
= ﬂ-m Em 1 (ﬁT 1 sing _E'B_EJN
Ja T T s o (0T - ey . 1 g
ﬁ, o R ) o 2 snar | 2
_ . 8inQT
3 = sinct
= 2TsincQT S
T AL
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4- ?3
w‘ Fgfl{ﬂﬂf Serios ”nd ffmrim- ”’ﬂmfﬂr‘m Hf fl‘lﬂ“nl.m-uq “ﬂ‘lﬂ hfﬂﬂﬂ‘-‘ ________________———-‘-"-

10 the Founer translorm o i .
petermir ol the Idangular pulse shownin lig 4.15.1,

The mathematical equation of triangular pulse g

1
x(l) 1 4 v lord Tion

1
1 : v fort = Oto T

(Please reler example 4.11 for the mathematical equation of triangular pulse).

gy definition of Fourier transform,
0 .

Fix()} = ]1{11'3 "t = _U‘- ) ;}e gy }[[1 'T}a i
1

te M dt + J.e"'“cﬂ— %jte‘“‘d’t Ju\r.-:ujv ’j [dujv
o 0

e

@

L=

+
==
—_—o

0 j =
1 .0 JﬂT] . 2 T 4 2 }r*.‘l-[ﬁ W au'l
TR ot -0 Q] K
— Bﬂ
1 -jiar _ -0 ___l
— |Te
ai IQ.T{ = -iQ
= —jat
jt 1 . Bim-e]ng -0+ 12
el 0 - A R Beal e,
|
2 1 e +e ¥
2 1 QT -7y _ — - —— 2 cosQT Fﬂ ~ ‘
b S R Rl g
= _?? (1 - cosQT)
Altematively thr; above result can be expressed as Show i :
25(1- eod T
1 - cos82
Flup) = ==z (1 - 00200 © 5.7 8
sinz[——)
aoT 2 2 1 - cos 20
2 QT g I Y S \9‘““
= r—ze-f (2 Slﬂz -'2_ ) ¥ T2n2 2 (EI}E :
TQ 2
ar ¥ 2 ' " Sino
et 2 g = sicol
oo ~ =T [ﬁln 2
T i o
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4.74
Example 4.16 ‘——-Ei‘i—w%

Determine the inverse Fourier transform of the following fiinctions, using partial fraction expan
el SI0N technin
<IN e

: 3(jy) + 14 . 2+ 7 (

ay X)) s ——————— I !

LAY (P + 7(j©2) + 12 ) AR (j€2 + 3y !
Solution

a) Given that, X(jQ) = L)+ 14 — LR i

Q)P + 7(Q) + 12 (j2 + 3) (jQ + 4)

By partial fraction expansion technique we can write,

%00y - (jnaiuzls}) {erx;i a) = Jnkl 3 " jnki 4
il s T A L W v
g o) jﬂ5+ 3 ;112+ 4 Gt
We know that, F{e ™ u(t)} = Jn1+ - d2)

Using equation (2), the inverse Fourier transform of equation (1) is,

x(t) = 5e*ut) — 2e* u(t)

jQ+7 '
b) Given that, = S '
) Given that, X(j2) iQ + 3 .
By partial fraction expansion technique X(j<) can be written as, |
: k k
o X(Q) = 1 2
i) (j@ + 3y - jQ+ 3
K+ 7 z
Ki = et 2 & =
oy % (jQ + 3) 3+7=4
n=-3
d jQ+ 7 : d
ky = — [ z*(lﬂ+3]2] = ——[ia + 7] =1
d()| (i2 + 3) a5 di0) a5
4 1
CXD) = e e O R SR IS L e s T L 3
09 = avoF " pee i
= 1 4 i
We know that, 'I-‘{a 'u(t}} = T o]
= 1 5)
5‘:‘ t 1] t o= ...---':
temu} - e
Using equations (4) and (5), the inverse Fourier transform of equation (3) is,
Xt) = dte®ult) + e ult) = (4t + 1) e ™ ut) it
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. ourier Series and Fourier Trangforp, of Conting

4
o Poriode cuous Time Signals
pourier Transform of a _"El'_igd_ig Signal me Signals D

e
Let. X() 7 Continuous time periodic signg)
signa

X(3iQ) = -]-‘{x(tl} = Fourier transform of x(1)

tial fon Courie .
The exponen 1 form of Fourier series representation of
o I : ol x(t) is give
- n by,

x(t) = Z c, el"
n= - - g
king Fourier transf [l'rmn equation (4.9)|
ourier trans ; rrom )
On taking orm of the above equation we get

a0

Fooh = 7 5 coml o § ppom

ne= —m

X(i)

= =

Z c_ 2n 5({1-11{),0) = 2 Z c, EES{ﬂ—nn,,} lUsing equation (4.6I][

n= -®

= e +2me_y 3(Q+3Q) + 2me_, 8(Q +2Q,) +2nc_, (2 +Q,)
+2mc, 8(Q2) +2ne, H(Q-Q,) +2nc, H(Q-2Q,)
+2nc, §(Q-3Q)+..... ...(4.65)

The magnitude of each term of equation (4.65) represents an impulse, located at its harmonic
frequency in the magnitude spectrum. Hence we can say that the Fourier transform of a periodic continuous
time signal consists of impulses located at the harmonic frequencies of the signal. The magnitude of
each impulse is 27 times the magnitude of Fourier coefficient, i.e., the magnitude of n impulse is 27 [c |-

413. Analysis of LTI Continuous Time System Using Fourier Transform
- A’ mm&m&mnmsmmin Frequency Domain

sform of input is called transfer

form of output and the Fourier tran

The ratio of Fourier trans _
ncy domain.

funetion of LTI continuous time system in freque

_3

Let, x(t) = Input to the continuous time system
y(t) = Output of the continuous time system
». X(jQ2) = Fourier transform of x(1)

Y(jQ) = Fourier transform of y(©)
Y(Q) o (4.66)

i, 8 0L

Now, Transfer function = 550) . frequency domain can be obtained from
. - yous time system 1 . time system, (refer
) The transfer function of L',TI iﬁ:t;z:umu‘l’ ut relation of an LTI continuous time sY
differential equation governing
dh‘l
°hﬂpt3_2, equation (2.13)), i i}'(t} i Y(ﬂ“‘hn“i"‘(“
. 4y dN"i £ + 8 _‘.l-ﬁ}'(t) AT L bl dt d d
_Ny(t) + a dtN_l y{ ) 2 dt i M-2 : +,...---+ bM-—I .—x(t) + th(t)
x d t) +by T2 x(t) dt
+ by g x() 02 gy

————E
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Y
———— —'EEL_‘F; tj'“%
-y
nd rearranging the resultant equation ,,
a8

4.66

q”;num a

- a0

ol the abovt S
' aysle 1 frequency dom: .

puons ime sy slem 1 | v domain bty

O taking Founer transform
fron ol [ T1conh

of Y (i) and X(j£2). the transter fund iy

Impulse Response and Transfer Function | .
time system 14 shown m Hg 4.38. Let x(1) and y{t) be the j; Y -,
Consider an LT1 continuous THHRE Ay ' Ty

output of the system respectively

<.yurf:ll'l
sysfe r
g alt) o H » hit)
xit) o H | e vil) Impulse  — Impulse
; input response
Fig 4.39.
Fig 4.38. 8

I sional 8(t) as shown in fig 439 ke,
For a continuous time system H, if the input 15 impulse signal o(t) ¢ g 7, Then the

output 1s called impulse response. which is denoted by h(t).

The importance of impulse response is that the response for any input to LTI system is given &
convolution of input and impulse response.

Symbolically, the convolution operation is denoted as,
y(t) = x(1) = h(t)
where. "% " is the symbol for convolution.

Mathematically. the convolution operation is defined as,

i

y(®) = x(t) = ht) = [ x(2) bt - ) de

where, 1 is the dummy variable for integration.
Let, H(j€2) = Fourier transform of h(t)
X(j€2) = Fourier transform of x(t)
Y(j€2) = Fourier transform of y(t)
Now, by convolution property of Fourier transform we get,
Fix(t) * b))} = XGOYHGE) e (4.68)

Using equation (4.67), the equation (4.68) can be written as,

Fly(h} = X(jQ) H(Q)
~Y(jQ) = X(j€2) H(j)

. H(jQ) = %g_; ,,,,, 469

From equations (4.66) and (4.69) we can sa ain 18
y that the trq i ency dom
given by Fourier transform of impulse response. nsfer function in frequency

- HGQ) = 289 “ (470

X(j€2)
4__—-—"/—./
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W Series and Fourier mm‘fﬂm of C\Uﬂﬂﬂtum

i- Time Signals _iff
W Coranunus Time Syg}gm Uslng ¢ ou riar Ti‘unlform
Wicr function of LTI cmﬂmuum lime system, H(jC2).
Y(J€2)
HGD) = X(ja)

Now, respouse in frequency domain, Y(jQ) = k() X(jo)

The resPONSE function Y (j€2) will be a rational function of iQ,
S of tWO factorized polynomial in j© as shown below,

(JQ+Z}(JQ+ZI(59+?)

and so Y(j€2) can be expressed as

Q) = V=) veeea(4.71)
Y(i (G2 +p) Q2 + p)(JQ +p,) ...
By partial fraction expansion technique the equation (4.71) can be expressed as shown below.
k k, k
Y(GQ) = ——— +t —2— + S (4.72)
9 KR+p Q4 p, Q4 p,
where, k,k,k, .. are residues.

Now the time domain response y(t) can be obtained by taking inverse Fourier transform of equation
(4.72). The inverse Fourier transform of each term in equation (4.72) can be obtained by comparing the
s with standard Fourier transform pair listed in table 4.5.

1

From table - 4.5, we get, '}"{e"' u(ﬂ} = pari - (4.73)

Using equation (4.73), the inverse Fourier transform of equation (4.72) can be obtained as shown
below.

y(it) =k, e ut) + ke u) +k;e™ult) +.... e (4.74)

Since the transfer function is defined with zero initial conditions, the response obtained by using
equation (4.74) is the time domain steady state (or forced) response of the LTI continuous time system.

l Note: Only steady state or forced response alone can be computed via frequency domain L

4133 Frequency Response of LTI Continuous Time System

The output y(t) of an LTI continuous time system is given by convolution of h(t) and x(t).

“y(t) = x(t) * h(t) = h(t) * x(t) = j R R i R e T -

Consider a special class of input (sinusoidal input), ‘ Ael® = A(cos Qt + jsinQt)

T A R R e e e S, (4.76)
where, A = Amplitude ; () = Angular frequency in rad/sec

TR R TS T T R A R e 4.7

On substituting for x(t — 7) from equation (4.77) in equation (4.75) we get,

£ }'{t] = I h(‘l!') Aejﬂ[l—t] dt
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Signals ¢

o e LT

't 1 (1t
Coy(t) j h(t) Ac™' ¢ 1 dr

i ""'M-?E’J
~ Ae™ Jh(r}c dt

Ho T ‘Fourier transform g
: the definition of Fourier translorm, _
By the defini Reolcis o

jox - _ e p!irdt )
H(GQ) = 7 th(V)} - J h(t)e CIFN j h(t)e @t ... (.79

. - (s 5,
Using equations (4.76) and (4.79), the equation (4.78) can be written a
i i
y(t) = x(t) H(Q) 4.80)
From equation (4.80) we can say
LTI continuous time system, then the output
by H(jQ). Hence H(jQ) is called the frequency response O
Since the H(j<) is a complex function of Q. the multiplication of H(j€2) with input produces a
change in the amplitude and phase of the input signal, and the modified input signal is the output signal
Therefore. an LTI system is characterized in the frequency domain by its frequency response.

The function H(j€2) is a complex quantity and so it can be expressed as magnitude function and

that if a complex sinusoidal signal is given as input signal to ay
is also a sinusoidal signal of the same frequency modified
f the continuous time system.

phase function.
~HGQ) = H(GQ)| £ZH(S)
where, |[H(jQ2)| = Magnitude function
ZH(j€)) = Phase function
The sketch of magnitude function and phase function with respect to Q will give the frequency
response graphically.
Let, H(jQ) = H Q) + jH[Q)
where, H (j©2) = Real part of H(jQ)
H (j€) = Imaginary part of H(jQ)
The magnitude function is defined as,
HGQ) = HGD) HGQ) = [HGQ) + jHGQ)] [H () - H ()]
where, H'(j€2) is complex conjugate of H(j€2)

: 2 g . 3
S HGDP = HOO) + BI(Q) = [(HjQ) = JHIGD) + B (O

The phase function is defined as,

ZH(jQ) = ArglH(jQ)] = ml[m
H,(jQ)
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_ pourier series and Fourier Transform of Continuous Time Signals 4.69
W‘i

om equation (4.70) we can say that the frequency response H(jQ2) of an LTI continuous time
3 i I 1 i 1 i .
: as transfer function in frequency domain and so, the frequency response is also given by

_mﬂis same - : : . .
e of Fourier transform of output to Fourier transform of input.
g a0
; Y( Q) 481
' se, H(1Q2) = ——— ....(4.81)
. Frequency respon ()€2) X(iQ)

m“mcy response analysE

Fr-TT—‘n::_praclicai testing of systems can be easily carried with available sinusoidal signal generators
and precise measurement equipments .

7 The transfer function of complicated systems can be determined experimentally

by frequency

response tests.

3. The design and parameter adjustment is carried out more easily in frequency domain.

4.In frequency domain, the effects of noise disturbance and parameter variations are relatively

easy 1o visualize and incorporate corrective measures.
i ' {o certain nonlinear systems.
Mﬂency response analysis and designs can be extended
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§ - Fourter Series and Fourier Transform of Continuous Time Signals 47

le 4.1I

e —

gxamp

Determine the convolution of x (1) = e u(t) and X, (1) = e ™ u(t), using Fourier transform.

golution
= X (iQ) = Fourier transform of x (1)
x?uﬂ} = Fourier transform of "?U'l

y convolution property of Fourier transform,

Fx, () * %, (U} = X,(1€2) X(j)

B

X,(i€2) X(1€2)
Fle? ut)} x Fle™ un}
1 1

x

0+ 2 €1+ 6

Let, X(i€2)

By partial fraction expansion technique X(j€2) can be expressed as,
i 1 _ k, K,
X = a6 @+2 K+6

1 i
= % 9
b= aEen Y

fr=-2

e B 0)
(i + 2) (iQ + 6)

o 025 _ 025
Cl “)‘1n+2 i+ 6

ourier transform of the above equation we get,

k2=

g =-6

On taking inverse F
x(t) = 0.25 ™ u(t)-0.25e™ u(t)

f]-"{a‘“‘ u{i}} = - 1+ -

Example 4.18

The impulse response of an LTI sys
ponse of the system for the input x(t

tem is hit) = 2 e?tu(t).
Find the )= 2e5'u(l), using Fourier transform.
in res

Solution
Given that, x(t) = 2 &*'u(t) . ()
el = Flee®ul)} = 555
- X(0) = Fix} { jQ + Flo* ul)} = s
Given that, h(t) = 2 e~'u(t)- 2 )
- ey = T = Fl2e U0l = 0

For LTI system, the response, y(t)= = x(t) * hit)
On taking Fourier transform of equation (3) we get,

Fly) = Fixt) » b}

e
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476

Let, Fly(n) =Y(c. s

2Y(Q) = Fix(t) = hit) -
- x:jm H{js‘.:}} USi”Q_{‘:hﬁ;ﬁEﬁaﬁ‘-;nh__
2 2 4 s ounier transform Perty

Q+5 Q43 (jQ+5)(Q+ 3 E‘Sﬁiﬁ_eaﬁa'naﬁg'ﬁra-ﬁ u-“;i:
. . ; : —— ' '9Ng(Q
By partial fraction expansion technique, the above equation can be written as, =i

) (- RO e =
(2 + 5) (2 + 3) 1 + 6 4+ 3

Ll

k=-———.-___,¢' +
T + 5)(Q + 3) G2 +5)

4
Tla+s@+ 9
= 2 ; 2

N+5 Q+3
On taking inverse Fourier transform of Y(j¢2) we get y(t).
FYe} = ¥ 1{]92; 5 © ,ni 3}
—2e®ut) + 2e M u(t) = 2(e™ - e™)ul)

x (&2 + 3)

ka

y(t)

Example 4.19 x(tyt

Determine the Fourier transform of the L
periodic pulse function shown in fig 4.19.1.

Solution T

The mathematical equation for one
period of the periodic pulse function is,

x(t) =1 ; t=-ato +a

wof -

T T
=0; t=——1to-a and t = ato —
0 2 2
The Fourier coefficient ¢_is given by,

+T12 +a ‘hnn|+l ~|niigt
- - 1 1]|e
ort P g oman 2 [52] -[50)

n

I = T —erIn _']M}'ﬂ i
: l e"lﬂm ; e#ﬂol 3 l 2 Blnﬂnl = e-kﬂuﬂ
T|-inQy -inQ | T Qg 2
193 1
= ? F E th{nﬂgﬂ)ﬂ_ ; sin(angy)

The exponential Fourier series representation of the periodic pulse function is,
xt) = ) c, e
na —a

On taking Fourier transform of the above equation we get,

Fixn} = F f‘,cn s"‘“‘“}

= =il
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4- Ww and Fourier Transform of Continuous Time Signals ______—_________m
a/l' I,,u_._,1| 2 . B I __-_-._.
LX) =T { 2 e = P e | F{un) = x_ufzﬂ
M
« e il _ B |
= E: Cn?.'l h{!! n!‘.!"} ||'I'{|'! .F - n | %] 2 n“_’”]
n" | 1 [Gubstituting for ¢ |
" Z — sin{an{},) 2n H(€2 - nLy) rifrnmaquafvc:-nm.
0 nn - - et —
- z 2sin@n) s, noy) [sine _ sincli]|
o " i Esas————
[ sinantl, | . or
= Z zaﬂul—amf]hlﬂ - Ny = nzf2annﬁlnc{anilnj Bl6) — NEly)
.-—_.______—-—/—'___-_-_ - e
Elll'l‘lple 4.20 (1)
._-'-"-.-.-_-_._-_-_-_ . ]
petermine the Fourier transform of the periodic -~ g ---=con-go-=--==""7 A
wmamncﬁnﬂshown in fig 4.20.1. ‘ ‘ ‘ ‘
i v < 0 T .
Sol Fig 4.20.1.
" The mathematical equation for one period of the g
pgmdicmﬂsefuncﬁm is,
T T
= )y ; fort= —— to +—
x(t) = A (1) r 2 >
The Fourier coefficient ¢, is given by, e 2n
1 +TI2 1 +T/2 oy A it A T
- L = o = — = —
¢, = 7 [y = !; sperdt= e | =T A1)
-Ti2 -

The Exponential Fourier series representation of the periodic impulse train is,

x(t) = i c, e

n = =3

On taking Fourier transform of the above equation we get,

Fixt)} = ?Lfc e"“"'}

- Sl
= i ¢, 2n (2 -nk) E{Em‘"} = 2= 8(Q - nﬂi\
e - ﬁnsuhsﬂmﬁqgima
-3 2 zﬁammu)z;‘m 8(-n2) ¢, from equation (1)
Tmmmmc;;;axumisanown'mﬂg'i.whichisa\mapariodlclmpulsaluncﬁmoln
gl
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