§ 2.8. CAUCHY SEQUENCE : CAUCHY’S PRINCIPLE
-~ OF CONVERGENCE

The following theorem is extremely useful to determine convergence or otherwise

of a sequence.
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. Let {x,}, be convergent to the limit /. Therefore, for a preassigned P051m,e"
n

g it is poss:ble to find a pOSllIVC integer m such that » v R
L Ynzm L
lx”—l,<2 vyt
&

Nowif p>1, n+p>n2mandso

£ Vn2mandp 2l
Ixn+p_”< 2
Ixn+p—xn|=|xn+p_[+[—x"|

convcrges to a |1mlt
Let us choose £ = | and n = m’. Then from the given condition,

xm,l<1Vp21

Ixm‘+p B
e,  x.-1< xf"'+P <x ,+1 Vp21l
Let g = min (x, x,, ... , X, —1)

G = max (X Xy o Xy X0 + 1)

Then g < x, < G V n proves that {x },, is bounded. Therefore, by
theorem 2.6.1 {x,}, has a limit point, say, /.

We shall now show that lim x, =L

By the given condition, for £ (> 0) there exists a positive integer m such that

lx"+p—xn|<§ Vnzmand p 2 1.
y 2 |xm+p—xm|<§ for p 2 1 (take n = m) ) )

Since / is a limit point there exists a positive integer M such that for M > m

I)CM—[|<§ e (2) 9
Again since M > m.
3
E ‘l-
‘IXM—)Cm|<§ £.203)
| 2 i
. lxm-}-p_' I=1x m+p — Xy X xM+xM—ll E
b
<x m+p ml+|xM_xm|+|xM_l|
E E £
< — 4+ =+ ==¢ V 2 1.
Y3t 3.5 3 F
,xn_[|<g Vn2m or, {xn}n'converges to L.
-
e —— -
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The sequence {x,}, where x, = 1+ % ML TP L -’1; is not

3
(C.H., 2004)

convergent.

Solution: We prove by contradiction. If possible, let {x,}, be convergent, then

L
for € = B it would be possible to find a positive integer M such that

1
|xm—xn|<5 Vm nzM.

For m = 2n, we would get

=%, <5 VnzM (D)
Now = = L I v g
Yon = Xn PR ey Sy 2n
Now n+r<2n forr=1,2,..n
] >—l—— forr=1,2 n
n+r ~ 2n Pk it
1 ! 1 T
" — = + o+ T Jre— S
|x2n 'xn l n+1 ¥ n+2 2n > 2n 2

“which contradicts (1).
Our assumption is not correct.

{x,}, is not convergent.

Solution: We know n! =1,2,3 ..n>22.2=2"" I

1 1
Tl—!<2n_l.
Now for m > n
A 1 1 : e
m=Yul =@t * ey T ARy
A e odane Lifjal L 1
< 2n * 2n+l FieE 2m—l 2" (1+2+22++2m—n-1)
m-—n :
-
_ 1 2 <_2_ 1
—2!! 1_-;_ 2]1 —211—1

e T L T T .

- 1 .s '
The sequence {y,}, wherey, =1+ T + .+ p is convergent.

1

—— o ———— - S5 -

i s e disand ssiay it i N o
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1
if <€
’ Now |y, — ¥, | < € if =y <

-

]."

| }lo. ‘
1 g |
1 - or, n > 1 -+ &
z’.e.,if2"">z];or,lf(n—1)1082>'°gg Tt;g?
0g

We choose ng = 1+ + 1

log 2

- For given any £ ( > 0) it is possible to find n such that

> np.
| Yy — ¥, | < & for m n 0

By Cauchy’s condition {y, ), is convergent. '

Definition (Cauchy Sequence) : A real sequence {x,}, is.said to be a Cauchy
Sequence if for every £ (> 0) there exists a positive integer m such that
[x, —x, | < &forall p, g > m. (C.H., 1997, 2001)

l y -
{ P l}n 1s a Cauchy sequence.

Solution: Let m > n where m and n are positive integers.

1 1
m+1 n+1

‘Then

1 n+1 1 1 : nel
— — < x 1
n+1(l m_f.l) n+l< <€|fﬂ> .

n £
We choose ng = [E]] + 1.

-

Thén

m+1 nxql <€ n>nyand m> p.

Thus .

1 . |
{n+ l}n 's a Cauchy sequence.

{(=D)"}, is not a Cauchy sequeﬁée.
Solution: Let U = (1)

Then Uh

=—1if nis odd

= 1if n is even,

Let us =1 ' |
choose ¢ > /1 an even integer anq N an odd integer.

! ()
£
X Tl
v ‘-’.; A .‘4'5
> : (B
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ThenlUm_Un|=2<£

" No positive integer Ny can be found such that

1
IUm - U,, |< E for nm> ng

» '
{n +1} 1s a Cauchy sequence. (C.H., 2001)
n
Solution: Let x, = — Then for m > n
n+l1
Now | x, - x| = m___n |_ m-n
m+1 n+l (m+D(n+1)
_ 1 n+l 1 l 1
n+l (1 m%—])< ntl “n <€ ithnz €

| —

We choose nj = [_] +1

Then for m > n > ng, | x,, — x, | < € holds for any preassigned £ (>0)

{ L } is a Cauchy sequence.
n

n+1

Show that {2"}, is not a Cauchy sequence. (C.H., 2002) |

Solution: Let U = 2" and we choose €= 1. For m > n

U, - U, |=]2m—=2"|=2%2"""~1)>2 and can never be made less than
arbltrary posmve g, in whatever way we choose m > n > nj where ng 1s a positive
integer.

.. {2}, is not a Cauchy sequence.

Prove or disprove : every bounded sequence is a Cauchy
(C.H., 2003)

sequence.

Solution: The statement is not true. We have seen in Ex. 2.8.4. above that
{(-1)"}, is not a Cauchy sequence b

N

But -1 <x, < 1 Vn eN wherex = (- D

Proof. Let {U ] be a Cauchy sequence.
By definition, for £= I, there exists a positive integer Ny such that | Uz U |< 1
for m, n = N, where m and n are mtegers

8

e T Py

L o S e e A R i i o
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For n =N, we have, |U, — Un, I< L. for m 2 N,,.

UNO—I<Um<UNO+] forallmZNO.

Let 4= min{U,, U,, .., Un,_p, UN, — 1}

and K = max{U],. U, ... Ung_ps Ung + 1)
!. Then, k< U, <K VneN. . {U,), is bounded.
| (This shows that every Cauchy sequence is bounded.)
By theorem 2.6.1, {U, 1, has a limit point, say /.

l By the given condition, for any preassigned £ (> 0), there eXiSts 4 oty ol
integer my such that 7 Positive

lUm"U,J<3€ form,n2m0

on. (U~ Umol < ?8 for m > my

2 (l)
Since / is a limit point, there exists a positive integer g > m Suéh th .

0 at

_ € B 1T e
| Wentizg e
Again since g > mg by (1)
= £ il b
Vo= Unl < 5 () e

q9
<
’ m Um,+'Uq_Um’+|U "l,
£ £
<3 + —3—+3—-€ Vm>m0

= lOr, {Un}

n 1S convergent.

’n—%m m Ayt TS e

K/

Scanned with CamScanhedr



Let us choose m > M, then

£
lx, —1]< =

Now |x, -x,|=|x, -

when m, n > M

{x,}, is a Cauchy sequence.

l+1—x |<lx

Prove that {x } where x, =

E

l|+|xn—l|<§-+%=£

2 — is a Cauchy sequence.
-l
r=0

Solution: In Ex. 2.8.2. we have seen that the sequence (x,}, where

1 | .
55 =l+—+-7+-,-+711—'1saconvcrgen

convergent sequence is a Cauchy sequence
" {x,}, is a Cauchy sequence.

I N P §
o 2 3 4

_pn-t 1
+ .+ +(=1) -

t sequence. By above Theorem every

Prove that the sequence {u,}, where

is a convergent sequence.
(C.H.,1992)

Solution: We shall show that the sequence {u },, is a Cauchy sequence and hence

it is convergent.
Here for g > p ( p and g are integers).

] y 5 1
luq—upl=((- 1)”"p—:]—'*'(-1)’”r p+2+

()|
fp+1 p+2 p+3

+ (-17-1 él

1
p+4 p+5]

< —— (each term within bracket lS posrtlve)

p+]
- —u |« — <
.luq u. | PES

We see that | u,
{u,},1s a Cauchy sequence.

: . 1
l ¢ if p > ny where ny is integral part of (E —1]. »

—u, |< e if m n>n,

a]]cd a sequence of nested intervals.

Deﬂmtmn The sequence {1}, of closed intervals such that I=>5 In +1 is

<

We now prove the followmg 1mportant theorem on Nested intervals.
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Proof. Let I, = [a), b1, L, = [ay, b,] and so on I

Since InDI,H], we have ) .,
a]Sazs...SaHS....<b”+]Sbn_..._ B

We thus get two sequences of real numbers {a,}, and {b_} of which .
(i) {a,}, is a monotone increasing sequence and bounded above by b,

(in fact by each b,).
(i) {b,}, is a monotone decreasing sequence and bounded below by-al (in

fact by each a,). Hence both the sequences {a,}, and {b,}, are convergent.
a,=xand lim b =y. PR

Let lim i
n— oo n—co

x = lu.b. of {a; i € N} and let, if possible b, < x for some m e N.
Then b, < a. < x = b, < b, < a, < a, where max(m, r) = k which is .

impossible as [a;, b,] 1s an interval.
“x<h VnelN N 1 contains at least one point.

neN _ _
Now |1, |=b,~a, and lim [I,|= 0 implies that lim (b,—a)=0
n— oo n—» oo j : :

o, x-y=0, orx=y.
Hence a, < x < b,. ~xel VneN _ _

If possible let x; and x, (x; < x,) be two different points such that
e Nn ILadx,e Nn1. .a <x,<x,<b

1 nEN,” 2 neN " - n 1 2 'n> -
b, - a, 2 x, — x; Vn which contradicts that (b,-a,) >0asn—> o

X is not different from Xy

Hence n I is a unique point.
neN

Note : The theorem may fail when the intervals are not closed. = (C.H., 1997, 2003)

(o1 ' RS
Let us choose I, = (0, ;) such that | I |= % which tends to 0 as n tends to infinity.

Further I, o 1, | |. But we see that there is no pdint & such that e N 1
b
neN

In fact, nQN I, =9
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1. Show that the sequence {a_} where

I
a, =

1 I
1.3 7

(2n-DR2n+1) ;

is monotone increasing and bounded

[
35,
l(] —lv)+-l-(l—-'- +....+.l I
2 3 2{3 §
=1/ - _n
2 2n+l

Solution: a,=

]
2\ 2n-1 2n+l)
2n+1°
n+ n |
= b - =] - = >0
@+ 1 2n+3 e V"= 03 T k1 (2n+ )20+ 3)
~a,,;>a, VneN {a,}, is monotone increasing
Now, 0 < L

] < I =~ {a,), is bounded.

2. Show that the sequence (a, ), where

a =]

= — COS i d is convergent.
T o n 2 §
. ~ 1 nw
Solution: Here |a, — 0 | = ;cosT sl <€
n

g ] |
if n > — we choose m = [—] + 1.
£ £

. la,-0|< & forn>m.

= {a,}, converges to 0.

3. Prove that lim (ﬂ/n+ —-fr;) = 0.

(B.H., 2002)
1/n —4/n 1/n Jn
Solution: Here ’,/n+] —ﬁ_ol = ( +1 Jr:/;)1(+J-,;l b )
- 1 < 1 [.: 1 <_]_]
—Jn+]+Jr7 2Jn | /n+l Jn

lﬁﬁ-f—oj< e if

We choose m = Ij-—%] + |
4e 7

% ,\/p_1+_1—\/r_z—0‘ < egwhenn>m

1 ) ]
—— < or ifn> —
24/n 46‘2

-l (T-3R) -
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2 .. 3n—=1 gpow that lim u, =0.
4 Ifu, =3 -7 " 4p—1 n—soo

Solution: Here lim

n— e

Uy + | . 3n+2 3 ]
= ==<1, -
/ / ’lgli)noo4”+3 4 ,{'E:m 4, =0

[We use the result of the following theorem :

If {x,], be a sequence such that

lim /x"H/ =/(0<1l<]l), then lim x, =0]
n— oo

_1-3-5---(2n-1) _3-5--(2n+1)
5 Ifu, = 746 2n dv, = 2462, ,

then show that Iim  u, = 0 and v, — = and 51- <u, v, <l

11 —» oo ‘
1 23 _4 . 21=1_ 2n ;
Solution: Here 2 < 3 2 < 5 etc. P ot 1
2_(1.3 . 2n=1)(1 3  2n-1
Now, u = (2 4 2n )(2 4 n )
13 -t o2 4 20 __1
2° 4 2n 3°5° "2n+l  2n+l1
S <——1——<.A5‘,if2n+l>l or, ifn>l(-]——1)
7 .‘/2n+1 5‘2 ‘ 2 52

. s _ (11 i -
..|u,,—0l<s,1tn>mwhcrem—[§-(?—l)],+1. ~ Lt u.”_of o

Aoain 3>i _§.>.§ 2n+]'> 2n+2
77927347 5 2n 2n+1

2 -
vzz(g_.i.__ZnJrl) J2. 5 2n41 4 6 2042 _ .
n 3 4 2n 3 4 2n 3§t Lo S

v, > Jo+1 > G, ifn> G2 | (G is large at pleasure)

V, >+ o0 asn— o,

J2n-1 3 5 2p4]

I 3
Now u,v, = -é- : Z. " | )
2n 2 4 2n
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R - 1 2n_ 3 5 2n+1
3 2n+l 2 T - e (1)
Also u,v, = 1.3 2n-1 3 5 2n+l
2 4 2n 2 4 T 2n #.
>-l_1£ 2""]'_‘1._6____' 2n_- 2n+2 | 2n+2 |
2 46 2 35T -1 el "2 mer>7 @

Combining the two results (1) and (2): e, 1 <u, v, <l
: a2

6. Given that {a,}, as a sequence such that aySasSagS..Sas<a;Sa anda

sequence (b,}, where b, = a,, _ | - a,, converges to 0, then show that the

sequence {a,}, is convergent.

Solution: {a;}, consists of two subsequence {ay,), and {a,, _ (], of which {a,,}, is i
monotone increasing and {a,, _ ], is monotone decreasing. The sequence {a,,},

is bounded above by @, and the sequence | ay, _ 1, is bounded below by a,. Hence
both the sequences are convergent.

Let {a,,}, converge to / and {ay, -}, converge to /',
Now {bn}n converges to 0.

lim b,=0. or, lim (ay,

= - — !
n—oo PEINGS |_a2n)"'0 or, l'-—l—O. or, l=1

’_

. The sequence {a,}, converges to /.

7. Let a sequence {s,}, be defined as 5, , | = 3775
n

Show that {s,} converges to J2.

n }M

. (Sp+1—5n)
Solution: Here s, . 5 — 5, .| = (B+25,,1)03+2s,)

S

Sp+2> Snyl if s, .1 > 5, Le, according as s, > 5,

7 . y .
Now s, = 75- >s5 . {s,}, is a monotone increasing sequence.

v ”

+s,

Now, 5,41 1= 3+2s, <!

w 0<s,<2 Voo o (s, is a convergent sequence.

: ‘ 4+3 lim s,
- lim s =L o« lim s, = A2
Lot Tty o A wine) = 337 T s,
n e <]

. saali e e TS
e e B e e SR R R i AR S A AR
g g T i TR e P R T VT TR e P et 1 s s 4 3o s oyl i

S— _—— . -
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[ AFB e, Fa2 i PEAS AR
3+2/ - i H

e the terms are all positive, [ can not be negative.

Sinc
is defined as follows

8. A sequence {X,ln

2 2
ab”+x ‘
_—-————'ﬂ‘ VnZlandx|=a>0_

‘xﬂ+l= a+]

prove that (i) {x,}, is monotone decreasing and bounded if x, > p,

.t . . .
(i) {x,}, 1 monotone increasing

(iii) in eithe

d bounded if x; < b.

r case (x,], converges to b.

5 2 xr?"xf—l xzz'xl a(b _-xl)- | o
Solution: x, el — == T = LA S
atl-on a+1 (a+ D" 1 (a+ W sy M

il e o sl

X, Z X according as b Z X; i
L {x, ), 18 monotone increasing or decreasing aecording as "x,:_‘<:.b oL X > b
. g ) . i i I *

2 2 - ) b, ‘. ) 1

9 x2—b.2 xn—-l—b xl2_b2 \ , : |

Now, ,\',21+ |~ p? =L e T —, M
- et (a+1) (a+1)" e

k|

if x| < b, 0 <x, < b, then {x, by is monotdne increasing and bbﬁﬁd@d'ab}',;e

if x, >bx, > b and then {x,}, is monotonc dccreasmg and bounded. below

In either case {x,}, is convergent : SRR

-, Taking limit we have, x, | = P as n—= o

]

Let lim  x, =1
"o o

af # B g
a+1 "ol A A

= 2=

. {x,), converges to b.
converge to A and B fespectiv_élyQ

LT A AT

9. If the sequence {a,}, and {b, ],,

lim 71- (a\b, + azbn gt ab,) = AB.

Solution: = =
n: Letus put a, = A + x, and | x,, =X

Since {a,}, converges to A, lim a, =A . X, = 0 and hence X, = 0

By Cauchy’s first theorem on limit lim (Xl ++Xp) _ o
n—»oo n
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1
Now (@ by +ay b, | + .. +a, b))

_1_ [(A + .X])b" + (A + )Cq) b

=

-1t e+ (A +x)b] |

>

—I(b'-*“ )+ (xb+ “+xb) . (2)

{b,}, converges imphes {b,}, is bounded.
Henc;e | b, | < k for all n,

;l'(xl bn+...'+xnbl)|<%|xl|+...+ lxnl =%(Xl+...+X)

n

1
'lllﬂw—[(x,b + +xnb1)|=0 by (1)

Again 11m b, = B.

h—> o0

lim —(bl

-+ bn) = B [By Cauchy’s first limit theorem].
n—el -

. By @) lim L(ab, ¥ agh, + .. + g, b) = AB.

' -1
Mow by Cauchy’s general principle of convergence that the sequence {’; +1}
. n

(C.H., 1983)

is convergent.

» n—1 el , |
Solution: Here x, = il we take positive integets m apd n such that m > n.

m—-1 n-1

3 2(m=n)
m+1 n+l

= m+D(n+1)

Xm ~ Xn |-=

‘ 1__"_) i N
<_2_£___"i-<l<£ it B3> 2 or n>(2)3.
_ Bik e €

S (e

: 3 : '
We choose ny = [-2—] + 1. Then | x, - x, | <€ YV m, n>n,
€|

~ Hence {x,}, is convergent.

: " |
1
11. Prove that the sequences {xn.]n and {y,}, where x, = Y == log n and y, =

r=1
n—1 1
— log n (n 2 2) converge (o the same . limit.
r
r=1
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. i3 —log(l+iJ
Xpwl ~ % T g4l n

Solution: Here,
-y =-]——]08(1+1)
Yo+l 0T p n

n+l 4 . %
) . > decreasing and boundeqd w L

(I +l_i-) s sipietiyl MOAGHGRe - e belo ,.lherefom
n v

convergent and converges to e.

n : g |
Also, { ( I +%) } is strictly monotone increasing and boundeq above, therefore
n FiA

convergent and converges (o e.

n+1 ] n ;
o] og140) > Ly,
+;1_ >e= 4 n n+1 _f 5 - (I)
1+1)’ I 1<l "
and _ L] <e=log ]+-’; PRRREEL i - (2)

{xn}" 1S monotone decreasing and { y”}” 1S monotone Increasing,

(2):n—]>log(n+l)-Iogn:)Z%>]Og(n+1)>]0grz

~ X, > 0 Vn shows that {x,}, is monotone decreasing and bounded 'bél’o\a}, Ihénce
convergent. ' T

Let ]lm xn =y
n— oo

| | . ‘

= 0 - Yl converges to Y.

Note : X =1 and since {x"}n is monotone decreasing, y<1
Y2=1-1log2 > 03 {y,), being monotone increasing.

¥>0.3. Hence, 3 <¥<1 yis called Euler’s constant.

Also lim (x, - ¥,) = lim
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5. Examine whether the following sequences are Cauchy sequences or not,

I 1 Ligl oo g _1_}
(a){1+—2—+---+;}n (b){1+2!+3!+ +n! :

n+

o,  of) oftf  cnmy |
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