Course Material on Magnetostatics

Lorentz force

Force due to a magnetic field B () on a charged particle (Q) traveling with velocity ' is
given by :

Fonay = Q5 x B(P)) (1)

This obviously means that the force is always perpendicular to the direction of motion.
Hence this force does no work :

dW = F.dl = Q(7 x B).dl = Q(7 x B).tdt =0 (2)

This means that the kinetic energy of the particle does not change. Thus the || does not
change. Thus under this force only the direction of the particle changes. As an example if
7=viand B = Bj then ¥ x B = vBk. This also means that in a constant magnetic field the
particle will under go motion in a circle in the plane orthogonal to the direction of magnetic
field. Thus the Centripetal force is provided y the magnetic force. Hence:

2
T = QuB 3)
The radius of the circle is then given by :
mu
R=_—"—"_ 4
o (4)
The time period of this circular motion is then given by:
2R m
=2 5
» OB (5)
Thus the trajectory of the particle in this case is given by :
B A B .
r(t) = R(Cos(%t + ¢)i + Sin(%t + ¢)k) (6)

As a generalization let us consider the case where v = vpm,z + vpamj', where we have the
component of velocity vpqrq Which is parallel to B. There is no force due to this component.
The trajectory of the particle due to this is then given by :

mggp (cos(?f)t +¢)i + sin(%t +6)k) (7)

The above cyclic motion in a plane is called cyclotron motion while the trajectory in the
later case is that of a Helix. Let us look at the general case where a charged particle is both
under an electric and magnetic field. The force in that case is the Lorentz force:

-ﬁLorem&z = Q(E(ﬂ + 17 X g(ﬁ) (8)

1. Given a constant electric field Ek and a constant magnetic field Bi , find the trajectory
of a charged particle which is at rest at origin at time ¢ = 0.

F(t) = Vparal] +
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Currents

For d() charge flowing through a point P in time dt the total current flowing through the
point is given by :

_dQ
I_E (9)

Now let us assume that charge is smeared on a one dimensional wire, and dl length carries
d@ charge. This charge moves through point P in time dt. Hence this charge segment has
velocity v, in direction of the flow. Thus the magnitude of the current can be written as :

o dQ _dQdl -y dQ
Tat  did T dl

Using this the force on the segment of the wire can be written as:

(10)

(I x B)dl (11)

Now the charge can also be smeared on a two dimensional surface as well. From which we
can define surface current density :

dQdl _ . dg

K= = = 12
dadt~ """ 77 da (12)
while if the charge is smeared over a 3 dimensional region and the current flows through a 3

dimensional wire, we define volume current density:

_dQ
p_dT

jowd _

(13)

In these two cases, the force on a corresponding current carrying element (area and volume
respectively) is given by :

F= /(K’ x B)da and F = /(fx B)dr (14)
For example if we have a uniform current / flowing through a cylinder of radius a, then the

volume current density is given by

- 1
J=—:z (15)

ma?
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here Z is the direction vector in direction of the axis of the cylinder. Note that this means
that the total current flowing through the cylinder can be written as:

a 27
I = J.2md® :/ / pdpde 2.0 = /dd’.f (16)
o Jo

here dd = pdpdgZz. Using this one can compute the total current flowing through a closed
surface S :

Irota = 7{ J.da (17)
S

where the integral denotes over the closed surface. Using Gauss’s divergence theorem we can

write :
fjwzfﬁjm (18)
S |4

Now since charge is conserved this must be negative of the rate of change of total charge
included in the volume enclosed, i.e. :

dQ d dp
Irpp = —— = —— dr = — —d 19
runt = =2 = =% | par L@tT (19)

where we have taken the derivative inside the integral, and since the integration variables
are dummy i.e. dr = dz'dy’'dz’ and the volume charge density p(x’,vy’, 2, t) is a function of
these variables for a fixed coordinate system. Hence:

. 0
/ v.Jdr=— | Lar (20)
But this being true for any arbitrary volume taken, we must have the integrands same. Thus:
-~ 9p
VJ=—— 21
T (21)

Steady state is defined where there is no accumulation/depletion of charge in a given volume
element, i.e. the p does not explicitly change with time. Thus V.J = 0.

Biot-Savart Law

This gives us a formula to calculate the magnetic field at a point 7 for a given current
distribution :

— 1 Idl x ¢t
B(ﬁzﬁ/ = (22)

where t is the displacement vector from the element dl to the point 7 where the magnetic
field is to be calculated. The element dl traverses along the path via which the steady current
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I flows. Hence the information about the geometry of the current configuration is encoded
in this integral as well.

2. Find the magnetic field at a point, with shortest distance s from an infinite wire carrying
current I.

3. Find the magnetic force per unit length on two parallel wires carrying current /; and I
and distance s apart from each other.

4. Show that the magnetic field at a point on the axis of a circular loop (radius R) and at
height 2z from the plane of the loop is given by :

ol R? .
2 (R + 22"

(23)

5.We can look at the case of a solenoid, which is a cylinder with wires wound around it. Let
the windings per unit length be n and let the current flowing through each wire be I. This
means the total number of coils in the interval dz along the axis of the cylinder is ndz and
thus total current flowing through these coils is = Indz. Thus one can imagine the solenoid
as a superposition of several circular loops each carrying current Indz. Then if the radius of
the solenoid is a, each of these segments contribute a magnitude to the magnetic field given
by :

ponldz a’

dB =
2 (a®+ 22)3/2

(24)

making the change of variables tan§ = ¢, where 6 is the angle subtended at the point on the
axis of the cylinder where the magnetic field is measured, with respect to the an element of
the elementary circular loop considered. Thus :

1 sin® §

— 2 —
dz = —acosec™6 db, EradE - o (25)

Plugging this in and integrating, we have :

02 2 .:.3
B _ / s 0 )
01

a3 sin? 6
ponl [ ponl %
= — / sin 0d0 = cos f
2 91 2 01
(26)
If we have an infinite solenoid then #5 = 0 and #; = 7, and hence we obtain :
B = uonl (27)

the direction is along the axis of the cylinder i.e. in 2 direction.



Ampere’s Law

If we look at the magnetic field due to an infinite long wire, and calculate the line integral
of it around a circular loop, then we have:

7{ B.dl = / ”Old)dz / g;i sdod = ol (28)

From this we obtain the Ampere’s law, which is valid for other current configurations as
well, which states that the closed loop integral of the magnetic field is equal to p times the
total current passing through the loop .

%gdi: /vLOIenclosed (29>

We can go further and write this in differential form using Stokes theorem :

fﬁﬂ_/ﬁxémpm@mm_m/fw (30)

s S

since this is true for any arbitrary area S taken, we must have the integrands to be same :
V x B =pyJ (31)

which is th differential form of the Ampere’s law. As an analogy to electrostatics we observe
that in that case we have Coloumb’s law and Gauss’s divergence theorem, and here we have
Biot-Savart’s law and Ampere’s law.

6. Find the magnetic field due to suface current flowing in the x — y plane and given by
K= Ki, using Ampere’s law.

7. Find the magnetic due to a cylindrical wire of radius a for total current I flowing through
it, if

a) Current is flowing on the surface of the cylinder.

b) A volume current density flows in the cylinder J=k sz, where s is the distance from the
axis of the cylindrical wire.

Divergence and Curl of B

We calculate the Divergence here directly from Biot-Savart’s law. The most generic form of
the magnetic field in terms of the volume current density is given by:

>3 o j (F/> X 'E / ! !

B(r) = — —dx' dy' dz 32

M= [ A (32)

where ¥ = 7— 7. Directly applying the divergence operator, but noting that it is with respect
to the coordinates z,y, z and not with respect to the coordinates at which the source is i.e.
',y 2. Thus :

v.B=H [ V. (M) dx' dy' dz’ (33)
47 v



Using the formula for the divergence on curl of two functions :

J(7) x &
t2
P . §

= 5 (VxJ() - J(™).(V x 3

) (34)

The first term is zero since J is a function of 7 here while we see that :

A

- t - =,
th—Q:—VxVM ! (35)

Hence Curl of gradient of scalar. This is also zero , assuming commutativity of partial
derivatives. Thus we find that :

V.B=0 (36)

Any where in space. As a consequence of this we can use Gauss’s divergence theorem on
this to obtain that there is no- magnetic monopoles/ charges :

/ V.Bdr = / B.di = 0 — total magnetic charge contained in the volume (37)
\% S

Since this is true for any arbitrary volume V taken. Next we check the curl of the magnetic
field :

12

¥ x B(m) = 10 / v x (M) da! dy 4 (38)
1%

where one must remember that V is with respect to the point 7. Using the vector identity:

V x (Ax B) = (BNV)A— (AV)B+ A(V.B) — B(V.A) (39)
we have:
Fei 2\ o ee T o T P
. J—(J. J| V. — J 40
(F=7m %)~ U9+ () - @

remembering that J here is a function of 7 , while the V acts on x,y, z, the first and last
term become zero. Thus we have:

o T e T
_(J'V)W—F'P +J(V'|F—F’|3> (41)
Now note that :
-
v.(|f :|3) = 476® (7 — ) (42)
r—r



While :

3

(43)

s

- — F_
=(JV)0——r
V=T

Where V' is the gradient operator with respect to the coordinates z’,y’, z’. This is because
if we have a function of seperation of two variables f(z — z’) then we have:

9 o) =~ fla ) (44)

o Jams® (7 f’)+(fﬁ’)ﬂ da’ dy d=’
4 A F =)
7 Ho 7~/ 77 A
= o + — JNV)———dx' dy d 45
Ho +47T V( v)|7—,»_7—,7|3 T ay az ( )

Now the last term can be written in components. Looking at the z—component :

M /(jﬁ) _ dxdydz (46)
47r |7 — \

This can again be written as:

. o / r—a o r— = T rog g
—_ — V' J|d2' dy d 4
47r/ {V (|7“—_’|3J> |F—7‘*7|3V J} ' dy' dz (47)

The second term is zero for steady flow of current since V.J = 0. While the first term can
be written using Gauss divergence theorem:

. r—Tr = . =
1 SF——F’F’JdS/ (48)

Now this surface can be taken as large as possible, enclosing all possible current configurations
contributing to the magnetic field at the particular point. But one can always assume that
there is no current source at infinity. Hence if we take boundary of the volume to infinity
i.e. the suface that enclosing it to infinity, then J = 0 at infinity. Thus we can drop this
term and all the other components which are identical under the replacement of x — z’ by
y —y and z — z’. Thus we obtain by direct computation :

— —

V x B = poJ (49)

The Magnetic Vector potential

If we remember electrostatics, we had V x E = 0 This meant we could write E = —ﬁq),
where & was our electrostatic potential. Similarly we have here V.B = 0. This means we
can write B =V x A, since we have :

-,

V.(VxA) =0 (50)
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This vector A is called the magnetic vector potential. Additionally note that the magnetic
field B remains same under the transformation A — A + V\, where A is a scalar function,
as:

Vx(A+VN)=VxA+VxVA (51)

This is called a Gauge transformation and shows the freedom in defining the vector potential
A. Now from the equation for curl of B we have:

VxB=Vx(VxA) =V(V.A) - VA = poJ (52)

But we can use the Gauge freedom to choose V.A = 0. To see this let us start with the
above equation with a vector potential A" with non zero divergence:

V(V.A) = V2A = joJ (53)
Now make a gauge transformation A=A+ VA Plugging this in we have :
V(V.AY = V2A+ V) = o (54)
choosing A such that :
V(V.A) = V2V = VV2\ (55)

—,

where in the last step we have interchanged V and V2, giving :V(V.(A' = V) = V(V.4) =
0, which is the condition on the new vector potential A. The choice on A is then :

VIA=V.A (56)

This is Poisson’s equation and hence:

1 [ VA
_ da' dy d=' 57
ar | oY (57)
Where we have used V2|7 — 7|71 = —4xd® (7 — 7). Thus starting from a A’ we have

constructed A whose divergence is zero by appropriately choosing A, utilizing the gauge
freedom. This means :

V2A = —poJ
g Ho j(F) ! / /
= A=" dz' dy d 58
an | P (58)

We must add a discussion here about the gauge transformation A. Observe first:

V.B = ﬁ(ﬁ X q/)
=V.(Vx (A+VN)
= V.(VxA) +V.(Vx V) (59)



It might seem that the last term is always zero but that might not be the case. Using the
€,k tensor we can write the last term as follows:

which we can verify explicitly. Note that here ¢, j, k runs over 1,2,3 which means z,y, 2
components. More over the epsilon tensor is defined as €153 = 1 and it is anti-symmetric
under any interchange of indices : €;;, = —€;x; etc. This totally defines all the components
of the tensor. The question is that whether the above is always zero. To see an example we
look at the easier 2— dimensional case :

ez-j&-aj/\ (61>

Let us integrate the above over an area :
/dl[‘ldl’g(@lag — (‘3281))\ (62)
S

Please understand that you can should not use commutativity of derivatives blindly, and put
the above to zero. Now let M = O and L = O, )\ :

oM  OL

Using Green’s Theorem in the plane :

7{ (Lda: + M das) (64)

where the integral is over the closed loop, which is the boundary of S. Thus :
oA o\
dry— + dro—
f; < xl@xl * xzaxg)

- 75 d\ (65)

Observe now that if A = ¢ = tan™! ﬁ—f, the polar angle and C' contains the origin about
which the polar angle is measured then

7{0 db = 2 (66)

since we are going around the origin once, which is true for any arbitrary closed loop con-
taining the origin as small as possible. This means we must have:

Similarly one can have A\ such that :
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Now let us use the formula for the vector potential to compute it directly for some cases.
Let us look at an infinite long current carrying wire, intersecting the vy, z plane at 1/, 2/

T Mo [T Ida'i
A(r) = 4 /_oo Ve —a)2+y—y)?+(z—2)? (69)

note that Idz'i ~ Jdz'dy'dz’ here. Integrating we have :

[e.9]

K9 inal(a? — a) + /= 2P T~ 0 (o 70)

—00

But we have to be careful in taking the limit here. To do this we replace co by A, and then
take the limit A — oo:

A—oo

lim li—oﬁ In[A + /A2 + (v — y)2 + (2 — 2)?]
7r

_Z_;ﬁ In[—A + /A2 + (v —y)2 + (¢ — z)2]]

W —y)?+ (= 2)2]

~ lim {@IEID[A—FA\/lJr
47

A—oo A2
po - Y —y)?+ (' = 2)?
—E[zln[—A—i—A\/l—i- A2 ]

= Jim [Rrimia+aq o+ JUTIEEE R o)

Ao | 4 2 A
—Z—;I% In[—A + A1+ %(y - W; =2)F O(A“))]]

— lim. {Z—;I% In[2A + O(A™Y)]
]

_ —Z—;Ii nf(y —y)* + (= = 2] + lim f(A) (71)

the term f(A) diverges but is a constant and can be understood as just a choice of gauge.

More over since the wire intersects the y—z plane at (y/, 2’) we have s = \/(y — v/)2 + (2 — /)2
, which is the radial distance from the wire. Thus :

MOI%
2m

A=— Ins (72)
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u pto a gauge transformation. One can easily check that :

L3 sé 2
= Y _ 0 e} el
A, sA, A,
5 so 2
_lle 2 o
- ds 09 0z
“lo 00—l
pol -
=520 (73)

where we have taken the wire along the z axis to match with the standard form of the curl
in cylindrical coordinates.
Magnetix Flux

Now consider the following integral :

‘%ngdf (74)

which is the line integral of the vector potential along a closed loop C'. We can use Stoke’s

theorem on this :
f&ﬁiﬂﬁxﬁﬁ:/éﬁ (75)
c s s

Which is the surface integral of B over any surface S bounded by C'. Thus although S is not
unique, the integral is always the same. This is called the Magnetic flux ®. This has similar
application to the Ampere’s law as one can use this to find the vector potential in many
configurations. As an example let us find the vector potential due to a solenoid of radius a :
If we take a circular loop out side the solenoid , perpendicular to the axis of the solenoid |,
then B =0 outside, B= ponlz inside. Using the line integral over A

2m
]{ Adl = / Ag.psdp = Ags2m (76)
C 0
where we have used the fact that the loop traverses in the ¢ direction hence only that

component of A contributes, and by symmetry around the cylinder A, can not be a function
of ¢. While from the area integral of B we have:

a 2m s 2
/ B.dS = / / Binside-ép d/) d(b + / / Boutside-ép dp d(b
S 0 0 a JO
a 27 s 27 .,
= / / ,uonfé’.épdpd¢+/ / 0.z2pdpd¢
0 0 a JO

= ponlma® (77)
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Finally equating we have :

Ays2m = ponlna®
ponla?

= j4¢ = P

(78)

This is the vector potential outside the solenoid. Note that although the magnetic field is
zero outside, this does not mean that A is zero outside. Next if we take the loop inside, the

line integral over Ais identical, while the surface integral over B yields :

s 27
/é.dgz / / pond 2.2pdpde = ponl s
s 0o Jo

equating, wefind the vector potential inside :

Nk

Ay 5

Problems and discussion

—

8. The magnetic vector potential of a uniform magnetic field is given by A =

explicitly check this :

VxA - %6 X (¥ x )
1 o g 4 = = = — - =
= 5 [B(V.7) ~7(V.B) + (F.V)B — (B.V)7]
Noting that
V.B=0
V.i=3
(F.V)B = @3 + 3+23)(53 +JB,+kB,)=0
' -V oz yay 52\ 7 T Iy o
9 9

(13.‘7)T = (lgxzi;

Plugging this in we have:

Yoy 0z

]_ — - —
-[3B—-B|=B
2
we can check the gauge condition :
— = 1 — —
V.A = 55‘7.(13 X f)
o 9 9
1|0z oy 0z
=3 B, B, B,
x Yy oz

(79)

BXT

> One can

(81)

0 A A A A - =
+ By—+ B,—)(ix + jy + kz) =iB, + jB,+ kB, =B (82)

(83)



We can use this to find the Magnetic field due to surface current K=K 7, which is given by:

o K~
B :—#OTj z>0
K.
— M2 <0 (85)

A» ZEXF
2
__MOKA. -
== Ux7)
K ~ .
—MZ (—xk+z21) 2>0

(86)

analogously we can find the case for z < 0 .
9. Multi-pole Expansion : Given a current configuration flowing along some closed loop C,
we have the vector potential :

= Mo [df
AR = o
R 0

Now |7 — 7| = /12 + 172 — 2rr’ cos @', §' being the angle between 7 and 7 . Now if the point
of observation 7 is far away from the current configuration, then || = r > || = 7’. Thus
we can use the expansion corresponding to Legendre polynomial

1 1
— = (cos @' 88
V12 + 12— 2rr cos ¢ \/1 2 cos 0/ + (%)2 Z ( ) ) (88)
Plugging this in the expression for the vector potential :

A7) MO[]{;TZ( )  (cos @)dl (89)

Interchanging order of integration and summation, under assumption of convergence we
have:

I
— HoZ Zrnﬂ 7{ )P, (cos 0')dl (90)

This is very similar to the expansion in electrostatics. The first term is the monopole term
corresponding to 7! i.e. n = 0. That is zero since we have a closed loop integral :

jidf_ 0 (91)
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The next term is the dipole term corresponding to =2, and so on. Let us look at this term :

_ pl /da‘xf (92)

where we have used the vector identity :

/ﬁT x di = —]{ Tdl (93)
C

Plugging in T' = 7.7, where 7 is a given constant vector and V is with respect to 7 , we find:

/da’ X = jfc(fﬂ)df (94)

Now [ dd is the total area of the loop. Defining m = I [ dd as the magnetic moment , we
finally obtain the magnetic vector potential for a dipole:

e Mo , o .
A=
2 (m x 7) (95)

Using this we can calculate the magnetic field due to the dipole simply by taking the curl of
the above. Let us assume the m is along the z-axis, then m x 7 = msin 6¢, which gives us :

VxA =Vx-—
4r?
1 roro rsin ¢
_ 9 9 el
T 2ging |00 90 06
TR0 0 (rsing) e,
o 1 0 Ho . 9 1 ~ 0 Ho . 9
= — 0 r— 0
" 25in0 00 (47r7"2 s T 2sind or\am2 o0
Lo
= 47T7“32COS€ + 047r7"3 sin 0 (96)
Noting that m.7 = mcos# and m.0 = —msin 0, we can rewrite: 2m cosfr + msin 00 =

3(m.7) — M. Hence we have the magnetic field for a dipole :

5 Mo A -
B = o [3(m.7) — m] (97)
10. Find the magnetic field due to a constant vector potential A= qugB

11. Find the magnetic field due to the vector potential A= Pz, Where q§ is the azimuthal
angle around the axis of the cylinder in z—direction. Also show that V.B is non zero in this
case.
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12. Find the magnetic field due to a circular disc of radius R spinning with angular velocity
w about its z— axis at height h from its center on the axis.

13. Solve V x A = B directly. Let us do this problem : Remember that we had the Biot-
Savart law, with the steady state current condition V.J = 0, which gives us the form of the
magnetic field in terms of J

1
47

B(7) = / (o J (7)) x =) gty e (98)
|7 — 73
which is the solution to the differential equation V X B ng Now we have the differential

equation V x A = B with the identical Condltlon V. B = 0. Thus the solution can be carried
over simply by substituting in Biot-Savart’s : B — A and NOJ —~ B

- —

A = ﬁ / By x T2 it dy (99)
14. Given a semi-circular loop in the lower half plane with current I flowing in the counter
clockwise dirction find the magnetic field at any point on the corresponding semi-circle in
the upper half plane. Given the radius of the circle is R. Now this can be computed directly
using Biot-Savart’s law, where 7 = Rcos¢i — Rsin¢; the point parameterizing the semi-
circular loop over which the current flows in the lower half plane, and 7 = R cos 07 + Rsin 6
parameterizing the points at which we need to find B. Here 0 and ¢ are measured with
respect to the positive x—axis. Biot-savart’s law reads :

H [ = /~LOI 7 7= Py
B(r)=— [ dl x dz' dy' dz 100
R K (100)
Here dl in is the variation along the semi-circular loop parametrized by 7. Since R is
constant, variation is only along ¢, thus :

dl = dr| g—constant = —Rsin ¢ doi — Rcos ¢ dgj = —[Rsin ¢i + R cos ¢j]de (101)

Hence we have :

i j k
dr' x (F—71)=—| Rsingdg Rcosgdd 0
R(cosf —cos¢) R(sinf +sing) 0

= —kdpR>?[sin ¢ sin 0 + sin® ¢ — cos 6 cos ¢ + cos? ]
= —kR%*d[1 — cos(0 + ¢)]

(102)
Plugging this in for B we have:
5 pol / —[1 — cos(0 + ¢)|kR?d¢ (103)
Am ). [R%(cos?6 + cos? ¢ — 2 cosf cos ¢) + R2(sin 0 + sin® ¢ + 2sin 0 sin ¢)]3/2
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Note that the integral is from 7 to 0 signifying the direction of flow of current along the
element dr’ . Simplifying :

ol /’T [1 — cos(f + ¢)|kR2d¢
o |

 4r 2R%(1 — cos(f + ¢)]3/2
_ ol [T de
167 R o Ssin %
0+
_ ,U/o[ ];'ln tan%
TR tang

(104)
15. Given a dipole m = —mol% and a constant magnetic field B= BOI%, find the radius of the

sphere with no radial component of magnetic field. For this let us write the total magnetic
field due to the back ground and the dipole :

B = Bk — HolTo [2 cos 07 + sin 0]
43

(105)
Since we want B to be perpendicular 7 i.e. component in radial direction is zero, we have:
B.# = Bokit — P29 cos 0 + sin 06).7 = 0 (106)
473
Note that k.7 = cos 0, hence :

Moo
[By — o 2]cosf =0

(107)
Since this is valid for any value of the #, we must have:
3 Moo
= 108
" 27TBO ( )

This gives the sphere of no radial component of magnetic field
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